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PART A

Candidates should answer ALL of Question 1 in Part A.

Question 1 If instructed to choose only one option, do not choose multiple
options. If you select multiple options, your answer will be marked as 0. If
otherwise instructed to select all options that apply, there will be multiple correct
options, but you can lose marks for selecting incorrect options.

(a) Consider the following problem:

Given a positive integer n, what is 3n?

Which of the following is the type of the expected output for this problem?
Choose only one option. [3]

i. Boolean

ii. Integer

iii. An empty stack

iv. None of the above.

(b) Consider the following piece of pseudocode:
1: x← 1
2: x← x × 2
3: function CHANGE(n)
4: if n=3 then
5: n← n − 1
6: else
7: n← n + 1
8: end if
9: return n

10: end function
11: x← CHANGE(x)
12: x← CHANGE(x)

i. What is the value of x at the end of line 1? [1]

ii. What is the value of x at the end of line 2? [1]

iii. What is returned by CHANGE(0)? [1]

iv. What is the value of x at the end of line 11? [1]

v. What is the value of x at the end of line 12? [1]
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(c) Consider the following flowchart:

START

Get a, b

a=b ?STOP

a>b ?

Set b=b-aSet a=a-b

Output a

NOYES

YES

NO

a==b?Is a=b?

Is a>b?

The following incomplete pseudocode should implement the algorithm in
this flowchart:

1: function EUCLID(a,b)
2: while MISSING1 do
3: if a>b then
4: a← a − b
5: else
6: b← b − a
7: end if
8: end while
9: return a

10: end function

Which of the following should go in the place of MISSING1? Choose only
one option. [3]

i. a = b

ii. a 6= b

iii. a > b

UL20/0035 Page 3 of 14



(d) Which of the following describes the operation that adds a new element
with the value o to a stack? Choose only one option. [3]

i. dequeue![o]

ii. push![o]

iii. pop![o]

iv. enqueue![o]

(e) Consider the following piece of pseudocode:
1: new Queue q
2: ENQUEUE[1,q]
3: ENQUEUE[2×HEAD[q],q]
4: store←HEAD[q]
5: DEQUEUE[q]
6: store←HEAD[q]

i. What is the value of store at the end of line 4? [2]

ii. What is the value of store at the end of line 6? [2]

(f) Consider the following piece of pseudocode:
1: new Queue q
2: ENQUEUE[2,q]
3: ENQUEUE[3,q]
4: ENQUEUE[HEAD[q],q]

In a linked list implementation of this piece of pseudocode, which of the
following images describes the linked list after this pseudocode is implemented?
Choose only one option. [3]

i.

ii.

iii.

iv.
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(g) Which of the following describes the difference between a vector and a
dynamic array? [3]

i. The number of elements in a vector is fixed, but in a dynamic array the
number of elements can change

ii. A vector has the LENGTH operation, but a dynamic array does not

iii. A dynamic array has the SELECT[K] operation, but a vector does not

iv. The number of elements in a dynamic array is fixed, but in a vector the
number of elements can change

(h) Consider the following piece of incomplete pseudocode for a function
SUM(n), which takes the number n as an input parameter, and should
return the sum of all integers from 0 to n.

function SUM(n)
if n = 0 then

return 0
end if
MISSING

end function

Which of the following should replace MISSING to complete this recursive
function? Choose only one option. [4]

i. return n × SUM(n)

ii. return SUM(n − 1)

iii. return SUM(n)

iv. return n ×SUM(n − 1)

(i) Which of the following is the worst-case time complexity in ‘Big O’ notation
of the linear search algorithm in n for a vector of length n? Choose only
one option. [4]

i. O(n)

ii. O(log n)

iii. O(n2)

iv. O(n log n)

(j) Given an unsorted vector of length n, there are two methods to search it.
The first method, called Method A, is to sort the vector using the insertion
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sort algorithm and then perform the binary search algorithm. The second
method, called Method B, is to apply the linear search algorithm. Which
of the following describes the worst-case time complexity of Method A?
Choose only one option. [4]

i. O(n)

ii. O(log n)

iii. O(n2)

iv. O(n log n)

(k) Of the two methods for searching a vector once in Question 1 part (j), from
the point of view of worst-case time complexity, which method should you
use? Choose only one option. [2]

i. Method A

ii. Method B

(l) Which of the following sorting algorithms would improve the worst-case
time complexity of Method A in Question 1 part (j)? Choose only one
option. [2]

i. Bubble sort

ii. Merge sort

iii. Quicksort
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PART B

Candidates should answer any TWO questions from Part B.

Question 2 This question is about the Fibonacci numbers: 0, 1, 1, 2, 3, 5,
8, 13, ..., where each new number is obtained by adding the previous two in the
sequence. The nth Fibonacci number is denoted Fn, and thus Fn = Fn−1+Fn−2.
By convention the first two Fibonacci numbers are F0 = 0 and F1 = 1.

(a) Consider the following piece of pseudocode:
function FIBONACCI(n)

a = 0
b = 0
if n 6=0 then

for 1 ≤ i ≤ n do
b = a + b
a = b − a

end for
end if
return a

end function

Complete the following table for the first five values of n. In the second
column the output of the function FIBONACCI(n) should be entered, and in
the third column enter the final value of b achieved within the body of the
function.

n FIBONACCI(n) b
0

1

2

3

4

[6]

(b) Briefly explain why the number of operations in a standard implementation
of FIBONACCI(n) is in the ‘Big O’ class O(n) for the input n. [4]

(c) Write a new pseudocode function called RECFIBONACCI(n), which takes
the same input parameters and returns the same output as FIBONACCI(n)
in part (a) of this question (assume n is a non-negative integer). This new
function should not use any form of iteration. [6]
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(d) Consider the following flowchart. This algorithm will produce a stack that
gives the binary representation of the number n. In this flowchart, floor(y)
gives the largest integer smaller or equal to y.

The following piece of incomplete pseudocode should implement the algorithm
in this flowchart:

function BINARY(n)
new Stack s
while MISSING1 do

PUSH[MISSING2, s]
n← floor(n/2)

end while
MISSING3
return s

end function

What should go in the place of MISSING1, MISSING2, and MISSING3 to
complete this pseudocode? [6]

(e) Recall that the function FIBONACCI(n) in part (a) of this question calculates
the Fibonacci number Fn. An equivalent way of defining the Fibonacci
number Fn for n > 2 is as the number of binary strings (or bit-strings) of
length n − 1 without consecutive 1’s in the string. An example of a binary
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string without consecutive 1’s is 1010. For 0 ≤ n ≤ 2, we just note the
regular values of Fn. The following function NOTCONSECUTIVE(stack)
takes a stack as input, and will return a Boolean: it will return TRUE if the
stack has elements with no consecutive 1’s, and FALSE otherwise.

function NOTCONSECUTIVE(stack)
new Stack second
while EMPTY[stack] = FALSE do

PUSH[TOP[stack], second]
POP[stack]
if (TOP[stack] = 1) ∧ (TOP[second] = 1) then

return FALSE
end if

end while
return TRUE

end function

A new algorithm, called Algorithm S for calculating Fn is the following:
for n > 2, one by one, generate all binary strings of length n − 2 and
check if there are any consecutive 1’s, and use this information to count
the number of strings without consecutive 1’s; for 0 ≤ n ≤ 2, the algorithm
will just output the Fibonacci numbers for those values of n.

Write a pseudocode function called ALGORITHMS(n) that implements the
Algorithm S. Your function takes as the integer n for Fn, and returns
an output that is equal to Fn. HINT: you may assume that functions
BINARY(n) and NOTCONSECUTIVE(n) are already defined (and completed)
and you may call them within your function, if you need them. Also, note
that the binary string of all-ones of length n corresponds to the number
2n − 1. [8]
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Question 3 This question is about searching and sorting elements of vectors.

(a) Consider the following array of integers:

i. You are tasked with algorithmically searching this vector to see if it has
an element with the value 1. Directly run through the binary search
algorithm by hand on this vector. Show explicitly each step taken in
the algorithm. [7]

ii. What is the worst-case time complexity in n of the binary search algorithm
for a sorted vector of length n? [3]

iii. Very briefly explain why the vector above and value being searched is
an example of a worst-case input to binary search. [2]

(b) Consider the following vector of integers:

i. Implement the standard bubble sort algorithm on this vector, explicitly
showing how it changes in the algorithm. You should sort the vector in
ascending order so the lowest value is in the first element. [7]

ii. What is the worst-case time complexity in n of the Bubble Sort algorithm
for a vector of length n? [3]
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(c) Consider the following piece of JavaScript:

1 function goldSearch(arr , el) {

2 var left = 0;

3 var right = arr.length - 1;

4 while (left <= right) {

5 var fir = left + Math.floor(( right - left) / 3);

6 var sec = left + Math.floor(2 * (right - left) / 3);

7 if ((arr[fir] == el) || (arr[sec] == el)) {

8 if (arr[fir] == el) {

9 return fir;

10 } else {

11 return sec;

12 }

13 } else if (el < arr[fir]) {

14 right = fir - 1;

15 } else if (arr[sec] < el) {

16 left = sec + 1;

17 } else {

18 left = fir + 1;

19 right = sec - 1;

20 }

21 }

22 return false;

23 }

A new searching algorithm is proposed, called the London Search algorithm,
which works for sorted vectors and arrays of numbers where the numbers
go from lowest first to highest last. The JavaScript code above is an
implementation of this algorithm.

i. In JavaScript, write a function called isThere(arr, el), which takes
an array arr and value el as input parameters and returns true or
false if there is an element with the value el or not, respectively. You
may assume that goldSearch(arr, el) is already defined and so you
can call it within your code. [4]

ii. From the point of view of worst-case time complexity, briefly explain
why this algorithm will not be better than the binary search algorithm. [4]
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Question 4 This question is about stacks, linked lists and the factorial of a
number. Recall that the factorial of an integer n is written n! and is defined as
n! = n× (n− 1)× (n− 2)× ...× 2× 1, and 0! = 1.

(a) Consider the following piece of pseudocode:
function FACSTACK(n)

new Stack s
PUSH[1,s]
if n = 0 then

return s
end if
for 1 ≤ i ≤ n do

x← TOP[s]
PUSH[i × x, s]

end for
return s

end function

i. This function takes an integer n as its input and returns a stack. For
the function call FACSTACK(4), draw the stack that is returned. Clearly
show the values stored in the elements, and point out the top. [4]

ii. To implement the stack created by the function FACSTACK(n), we can
use an array. If we initially start with an array of ten elements, how
many new arrays will need to be created to implement the stack for the
function call FACSTACK(4)? [2]

iii. Another way of implementing the stack created by FACSTACK(n) is to
use a linked list. Draw the linked list that implements the stack returned
by FACSTACK(3). Clearly show which element is the top with a pointer. [4]

(b) Consider the following piece of JavaScript:

1 function LLNode(data) {

2 this.data = data;

3 this.next = null;

4 }

5 var head = new LLNode (5);

6 console.log(head.next);

7 console.log(head.data);

This is a function that creates an object that creates a node of a linked list
with the value data stored in the node. On line 5, the variable head will
then store the object corresponding to the node.
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i. What is printed to the console for line 6 of this code? [1]

ii. What is printed to the console for line 7 of this code? [1]

iii. In another piece of JavaScript code, construct the final linked list that
was drawn in part a.(iii) of this question. Assume that the function
LLNode(data) is already defined and use it to construct the linked list.
Store the linked list as an object in the variable head (assume that head
is not defined at the beginning of your code). [5]

(c) Consider the following piece of JavaScript:

1 function Stack () {

2 this.head = null;

3 this.push = function(o) {

4 var node = new LLNode(o);

5 node.next = this.head;

6 this.head = node;

7 };

8 this.top = function () {

9 if (this.head === null) {

10 return null;

11 }

12 return this.head.data;

13 };

14 this.pop = function () {

15 if (this.head === null) {

16 return "Stack underflow!";

17 }

18 this.head = this.head.next;

19 };

20 this.isEmpty = function () {

21 return (this.head === null);

22 };

23 }

24 var stack = new Stack();

25 stack.push (1);

26 stack.push(1 * stack.top());

27 console.log(stack.top());

This is a function that creates an object that implements a stack using the
function LLNode(data).

i. What is printed to the console in line 27 of this code? [2]

ii. Write a JavaScript function called facStack(n), which implements the
pseudocode function FACSTACK(n) in part (a) of this question. You
may assume the function Stack() is already defined, and you can
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therefore call it. To get full marks, use need to use the methods of the
stack object generated by the function Stack(). [7]

(d) Note that the methods of the objected generated by the function Stack()

can all be implemented with a constant number of lines of code. Using
this observation, what is the time complexity of implementing the function
facStack(n)in the input n? Very briefly explain your answer. [4]

END OF PAPER

.
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