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Essential Question:

What are isomorphic graphs and adjacency matrices?

Questions/Cues:

What is a Bipartite Graph?

What is Matching in terms of a Bipartite Graph?
What is Maximum/Complete Matching?

What is Hall's Marriage Theorem?

What does it mean when two graphs are isomorphic?
What is an Adjacency List?

What is the Adjacency Matrix of a graph?

What are Incidence Matrices?

What is Isomorphism in terms of Simple Graphs?
What is a weighted graph?

What is Dijkstra's Algorithm?

A simple graph G is called bipartite if its vertex set V can be partitioned into two disjoint
sets V1 and V; such that every edge in the graph connects a vertex in V| and a vertex in V>
(so that no edge in GG connects either two vertices in V| or two vertices in V;). When this
condition holds, we call the pair (Vy, V) a bipartition of the vertex set V of G.

EXAMPLE 11  Are the graphs G and H displayed in Figure 8 bipartite?
a b

G H

FIGURE 8  The Undirected Graphs G and H.



Solution: Graph G is bipartite because its vertex set is the union of two disjoint sets, {a, b, d}
and {c, e, f, g}, and each edge connects a vertex in one of these subsets to a vertex in the other
subset. (Note that for G to be bipartite it is not necessary that every vertex in {a, b, d} be adjacent
to every vertex in {c, e, f, g}. For instance, b and g are not adjacent.)

Graph H is not bipartite because its vertex set cannot be partitioned into two subsets so
that edges do not connect two vertices from the same subset. (The reader should verify this by
considering the vertices a, b, and f.) 4

THEOREM 4 A simple graph is bipartite if and only if it is possible to assign one of two different colors to
each vertex of the graph so that no two adjacent vertices are assigned the same color.

EXAMPLE 12 Use Theorem 4 to determine whether the graphs in Example 11 are bipartite.

Solution: We first consider the graph ;. We will try to assign one of two colors, say red and
blue, to each vertex in G so that no edge in G connects a red vertex and a blue vertex. Without
loss of generality we begin by arbitrarily assigning red to a. Then, we must assign blue to ¢, e,
f.and g, because each of these vertices is adjacent to a. To avoid having an edge with two blue
endpoints, we must assign red to all the vertices adjacent to either c, e, f, or g. This means that
we must assign red (o both b and ¢ (and means that ¢ must be assigned red, which it already has
been). We have now assigned colors to all vertices, with a, b, and d red and ¢, e, f, and g blue.
Checking all edges, we see that every edge connects a red vertex and a blue vertex. Hence, by
Theorem 4 the graph G is bipartite.

Next, we will try to assign either red or blue to each vertex in H so that no edge in H
connects a red vertex and a blue vertex. Without loss of generality we arbitrarily assign red to a.
Then, we must assign blue to b, e, and f, because each is adjacent to a. But this is not possible
because ¢ and f are adjacent, so both cannot be assigned blue. This argument shows that we
cannot assign one of two colors to each of the vertices of H so that no adjacent vertices are
assigned the same color. It follows by Theorem 4 that H is not bipartite. <

Complete Bipartite Graphs A complete bipartite graph K,, , is a graph that has its vertex
set partitioned into two subsets of m and n vertices, respectively with an edge between twc
vertices if and only if one vertex is in the first subset and the other vertex is in the second subset.

The complete bipartite graphs K7 3, K3 3. K3 5, and K7 ¢ are displayed in Figure 9. 4
K, 3 J'\-.z__';
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FIGURE Y Some Complete Bipartite Graphs.

a matching M in a simple graph G = (V, E) is a subset of the set E of
edges of the graph such that no two edges are incident with the same vertex. In other words, a
matching is a subset of edges such that if {s, ¢} and {u, v} are distinct edges of the matching,
then s, 7, u, and v are distinct. A vertex that is the endpoint of an edge of a matching M is said to
be matched in M; otherwise it is said to be unmatched.
A maximum matching is a matching
with the largest number of edges. We say that a matching M in a bipartite graph G = (V, E)
with bipartition (Vq, V2) is a complete matching from V) to V> if every vertex in Vj is the
endpoint of an edge in the matching, or equivalently, if |M| = | Vq].



NECESSARY AND SUFFICIENT CONDITIONS FOR COMPLETE MATCHINGS We
now turn our attention to the question of determining whether a complete matching from V;
to V> exists when (V7, V3) is a bipartition of a bipartite graph ¢ = (V. E). We will introduce a
is an example of a theorem that provides a set of necessary and sufficient conditions for the existence of a complete
theorem where obvious matching. This theorem was proved by Philip Hall in 1935.

necessary conditions are

sufficient too.

Hall’s marriage theorem

THEOREM 5 HALL’S MARRIAGE THEOREM  The bipartite graph G = (V, E) with bipartition
(V1, V2) has a complete matching from Vj to V3 if and only if |[N(A)| = | A| for all subsets
Aof V.

Sometimes, two graphs have exactly the same form, in the sense that there is a one-to-one
correspondence between their vertex sets that preserves edges. In such a case, we say that the
two graphs are isomorphic.

Representing Graphs

One way to represent a graph without multiple edges is to list all the edges of this graph. Another
way to represent a graph with no multiple edges is to use adjacency lists, which specify the
vertices that are adjacent to each vertex of the graph.

EXAMPLE 1 Use adjacency lists to describe the simple graph given in Figure 1.

Solution: Table 1 lists those vertices adjacent to each of the vertices of the graph. <

TABLE 1 An Adjacency List

b
/ for a Simple Graph.
4 Vertex Adjacent Vertices

<
a b, c,e
b a
c a,d,e
e d d c, e
e a,c,d
FIGURE 1 A Simple Graph.

EXAMPLE 2 Represent the directed graph shown in Figure 2 by listing all the vertices that are the terminal
vertices of edges starting at each vertex of the graph.

b TABLE 2 An Adjacency List for a
Directed Graph.
. < Initial Vertex Terminal Vertices
a b,c.d, e
b b, d
C a, c, e
e d d
S . e b.c.d
FIGURE 2 A Directed Graph.

Suppose that G = (V, E) is a simple graph where |V | = n. Suppose that the vertices of
G are listed arbitrarily as vy, va, ..., v;. The adjacency matrix A (or Ag) of G, with respect
to this listing of the vertices, is the n X n Zero—one matrix with 1 as its (i, j)th entry when v;
and v; are adjacent, and O as its (i, j)th entry when they are not adjacent. In other words, if its

adjacency matrix is A = [a;;], then

)1 if{vi,v;}isanedge of G,
9 =10 otherwise.

EXAMPLE 3 Use an adjacency matrix to represent the graph shown in Figure 3.



c d
FIGURE 3
Simple Graph.

Solution: We order the vertices as a, b, ¢, d. The matrix representing this graph is

_——
S — o=
SO ==
cCo o -

EXAMPLE 4 Draw a graph with the adjacency matrix

a b

0O 1 1 0

1 0 0 1

1 0 0 1

\_0 1 1 OJ
d c

with respect to the ordering of vertices a, b, ¢, d.

FIGURE 4

A Graph with the
Given Adjacency
Matrix. Solution: A graph with this adjacency matrix is shown in Figure 4.

Note that an adjacency matrix of a graph is based on the ordering chosen for the vertices.
Hence, there may be as many as n! different adjacency matrices for a graph with n vertices,
because there are n! different orderings of n vertices.

The adjacency matrix of a simple graph is symmetric, that is, a;; = aj;, because both of
these entries are 1 when v; and v; are adjacent, and both are 0 otherwise. Furthermore, because
a simple graph has no loops, each entry a;;,i = 1,2,3,...,n,is 0.

Adjacency matrices can also be used to represent undirected graphs with loops and with
multiple edges. A loop at the vertex v; is represented by a 1 at the (i, i)th position of the
adjacency matrix. When multiple edges connecting the same pair of vertices v; and v;, or
multiple loops at the same vertex, are present, the adjacency matrix is no longer a zero—one
matrix, because the (i, j)th entry of this matrix equals the number of edges that are associated
to {v;, v;}. All undirected graphs, including multigraphs and pseudographs, have symmetric
adjacency maltrices.



EXAMPLE 5

FIGURE 5
A Pseudograph.

Use an adjacency matrix to represent the pseudograph shown in Figure 5.

Solution: The adjacency matrix using the ordering of vertices a, b, ¢, d is

[—_ )

0
1
1
2

RO WwWo
(=N SS L S ]

4

We used zero—one matrices in Chapter 9 to represent directed graphs. The matrix for a
directed graph G = (V, E) has a 1 in its (i, j)th position if there is an edge from v; to v;,
where vy, v2, ..., v, is an arbitrary listing of the vertices of the directed graph. In other words,
if A = [a;;] is the adjacency matrix for the directed graph with respect to this listing of the
vertices, then

4 — ll if (v;, vj) is an edge of G,

/ 0  otherwise.
The adjacency matrix for a directed graph does not have to be symmetric, because there may
not be an edge from v; to v; when there is an edge from v; to v;.

Adjacency matrices can also be used to represent directed multigraphs. A gain, such matrices

are not zero—one matrices when there are multiple edges in the same direction connecting two

vertices. In the adjacency matrix for a directed multigraph. a;; equals the number of edges that
are associated to (v;, v;).

Incidence Matrices

Another common way to represent graphs is to use incidence matrices. Let G = (V, E) be an

undirected graph. Suppose that vi, v2, ..., v, are the vertices and ey, e3, .

.., ey are the edges

of G. Then the incidence matrix with respect to this ordering of V and E is the n x m matrix

M = [m;;], where

I when edge ¢; is incident with v;,

mjj =

EXAMPLE 6

FIGURE6 An
Undirected
Graph.

0 otherwise.

Represent the graph shown in Figure 6 with an incidence matrix.

Solution: The incidence matrix is

€] €2 €3 €1 €5 €4
vill 1L 0 0 0 0
v/ 0 0 1 1 0 1
v3| 0O 0 0 0 1 1
wll 0 1 0 0 0
vs|1 O 1 0 1T 1 0

|

Incidence matrices can also be used to represent multiple edges and loops. Multiple edges
are represented in the incidence matrix using columns with identical entries, because these edges
are incident with the same pair of vertices. Loops are represented using a column with exactly

one entry equal to 1, corresponding to the vertex that is incident with this loop.

EXAMPLE 7 Represent the pseudograph shown in Figure 7 using an incidence matrix.

FIGURE 7
A Pseudograph.

vi Solution: The incidence matrix for this graph is

€] €2 €3 €4 €5 €5 €7 ey
vw|1l 1T 1 0 0 0 0 O
w|O0 T 1 1 0 1 1 0
v/ 0 O 0 I 1T 0 0 0
vw| O O O O 0 O 1 1
vs| O O 0 O 1 1 0 O



DEFINITION 1 The simple graphs G| = (Vj, Ey) and G, = (V», E») are isomorphic if there exists a one-
to-one and onto function f from V) to V> with the property that @ and b are adjacent in G if
andonly if f(a) and f(b) are adjacent in G, for all @ and b in V. Such a function f is called
an isomorphism.* Two simple graphs that are not isomorphic are called nonisomorphic.

In other words, when two simple graphs are isomorphic, there is a one-to-one correspondence
between vertices of the two graphs that preserves the adjacency relationship. Isomorphism of
simple graphs is an equivalence relation.

EXAMPLE 8  Show that the graphs G = (V. E) and H = (W, F). displayed in Figure 8, are isomorphic.

Y 3 Solution: The function f with f(u1) = vy, f(u2) = va, f(u3) = v3, and f(ug) = vz is a one-
to-one correspondence between V and W. To see that this correspondence preserves adjacency,
note that adjacent vertices in (7 are u; and u», u and u3, u» and w4, and u3 and 14, and each of the
pairs f(u1) =vy and f(u2) = vs, fuy) =vy and fuz) =v3, f(uz) =vq and f(ug) =va,
and f(u3) = vy and f(ug) = v, consists of two adjacent vertices in H. <]

L] . iy

G
Vl 'U'}
v v,
3 H 4

FIGURE 8 The
Graphs G and H.

Determining whether Two Simple Graphs are Isomorphic

It is often difficult to determine whether two simple graphs are isomorphic. There are n! possible
one-to-one correspondences between the vertex sets of two simple graphs with n vertices. Testing
each such correspondence to see whether it preserves adjacency and nonadjacency is impractical
if nn is at all large.

Sometimes it is not hard to show that two graphs are not isomorphic. In particular, we can
show that two graphs are not isomorphic if we can find a property only one of the two graphs
has, but that is preserved by isomorphism. A property preserved by isomorphism of graphs is
called a graph invariant. For instance, isomorphic simple graphs must have the same number
of vertices, because there is a one-to-one correspondence between the sets of vertices of the
graphs.

Isomorphic simple graphs also must have the same number of edges, because the one-to-one
correspondence between vertices establishes a one-to-one correspondence between edges. In
addition, the degrees of the vertices in isomorphic simple graphs must be the same. That is, a
vertex v of degree d in & must correspond to a vertex f(v) of degree d in H, because a vertex
win ( is adjacent to v if and only if f(v) and f(w) are adjacent in H.

EXAMPLE 9  Show that the graphs displayed in Figure 9 are not isomorphic.

Extra ® Solution: Both G and H have five vertices and six edges. However, H has a vertex of degree one,
Examples B namely, e, whereas G has no vertices of degree one. It follows that G and H are not isomorphic.

b b

G H

FIGURE Y9 The Graphs G and H.



EXAMPLE 10

/b

I
/k
d
5
w
v
FIGURE 11 The
Subgraphs of G

and H Made Up
of Vertices of De-
gree Three and
the Edges Con-

Determine whether the graphs shown in Figure 10 are isomorphic.

Solution: The graphs GG and H both have eight vertices and 10 edges. They also both have four
vertices of degree two and four of degree three. Because these invariants all agree, it is still
conceivable that these graphs are isomorphic.

However, G and H are not isomorphic. To see this, note that because deg(a) =2in G. a
must correspond to either 7, u, x, or y in H, because these are the vertices of degree two in H.
However, each of these four vertices in H is adjacent to another vertex of degree two in H,
which is not true for a in G.

Another way to see that G and H are not isomorphic is to note that the subgraphs of G
and H made up of vertices of degree three and the edges connecting them must be isomorphic
if these two graphs are isomorphic (the reader should verify this). However, these subgraphs,
shown in Figure 11, are not isomorphic.

To show that a function f from the vertex set of a graph G to the vertex set of a graph H is an
isomorphism, we need to show that f preserves the presence and absence of edges. One helpful
way to do this is to use adjacency matrices. In particular, to show that f is an isomorphism, we
can show that the adjacency matrix of G 1s the same as the adjacency matrix of H, when rows
and columns are labeled to correspond to the images under f of the vertices in G that are the
labels of these rows and columns in the adjacency matrix of G. We illustrate how this is done
in Example 11.

necting Them.

EXAMPLE 11

Determine whether the graphs G and H displayed in Figure 12 are isomorphic.

Solution: Both G and H have six vertices and seven edges. Both have four vertices of degree two
and two vertices of degree three. It is also easy to see that the subgraphs of G and H consisting
of all vertices of degree two and the edges connecting them are isomorphic (as the reader should
verify). Because G and H agree with respect to these invariants, it is reasonable to try to find
an isomorphism f.

Uy Uy Vi ]
Us
g Ve
ty i3 vs vy
G H
FIGURE 12 Graphs G and H.

Graphs that have a number assigned to each edge are called weighted graphs.

EXAMPLE 1

‘What is the length of a shortest path between a and z in the weighted graph shown in Figure 37

FIGURE 3 A Weighted Simple Graph.



Solution: Although a shortest path is easily found by inspection, we will develop some ideas
useful in understanding Dijkstra’s algorithm. We will solve this problem by finding the length
of a shortest path from a to successive vertices, until z is reached.

The only paths starting at a that contain no vertex other than a are formed by adding an
edge that has a as one endpoint. These paths have only one edge. They are a, b of length 4 and
a, d of length 2. It follows that d is the closest vertex to a, and the shortest path from a to d has
length 2.

We can find the second closest vertex by examining all paths that begin with the shortest
path from a to a vertex in the set {a, d}, followed by an edge that has one endpoint in {a, d} and
its other endpoint not in this set. There are two such paths to consider, a, d, e of length 7 and
a, b of length 4. Hence, the second closest vertex to a is b and the shortest path from a to b has
length 4.

To find the third closest vertex to a, we need examine only the paths that begin with the
shortest path from a to a vertex in the set {a, d, b}, followed by an edge that has one endpoint
in the set {a, d, b} and its other endpoint not in this set. There are three such paths, a, b, ¢ of
length 7, a, b, e of length 7, and a, d, e of length 5. Because the shortest of these pathsisa, d, e,
the third closest vertex to a is e and the length of the shortest path from a to e is 5.

To find the fourth closest vertex to a, we need examine only the paths that begin with the
shortest path from a to a vertex in the set {a, d, b, e}, followed by an edge that has one endpoint
in the set {a, d, b, ¢} and its other endpoint not in this set. There are two such paths, a, b, ¢ of
length 7 and a, d, e, 7 of length 6. Because the shorter of these paths is a, d, e, z, the fourth
closest vertex to @ is z and the length of the shortest path from a to z is 6. <

ALGORITHM 1 Dijkstra’s Algorithm.

procedure Dijkstra(G: weighted connected simple graph, with
all weights positive)
{G has vertices a = vp, vy, ..., v, = 7 and lengths w(v;, v;)
where w(v;, v;) = 00 if {v;, v;} is not an edge in G}
fori:=1ton
L(vi):=00
Lia):=0
S5=0
{the labels are now initialized so that the label of a 1s 0 and all
other labels are 00, and S is the empty set}
while z & §
u ;= a vertex not in § with L (u) minimal
§:=5U{u}
for all vertices v not in §
if L(u) +w(u,v) < L(v) then L(v) := L(u) +w(u,v)
{this adds a vertex to § with minimal label and updates the
labels of vertices not in S}
return L(z) {L(z) = length of a shortest path from a to z}

EXAMPLE 2 Use Dijkstra’s algorithm to find the length of a shortest path between the vertices @ and z in the
weighted graph displayed in Figure 4(a).

Solution: The steps used by Dijkstra’s algorithm to find a shortest path between a and z are shown
in Figure 4. At each iteration of the algorithm the vertices of the set S are circled. A shortest
path from a to each vertex containing only vertices in Sy is indicated for each iteration. The
algorithm terminates when z is circled. We find that a shortest path fromatozisa, ¢, b,d, e, z,
with length 13. |
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(d) (e)
®) 3¢ @8(ach () 3(ac) @8ach
4 5 6 4
0(a) 1 8 2 z 13(a,c, b, d, e) -:JQP’; 1 (V13 (a.c. b, d, e)
2 10 3 2
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FIGURE 4 Using Dijkstra’s Algorithm to Find a Shortest Path from a to z.

THEOREM 1

THEOREM 2

Dijkstra’s algorithm finds the length of a shortest path between two vertices in a connected
simple undirected weighted graph.

Dijkstra’s algorithm uses O (n2) operations (additions and comparisons) to find the length of
a shortest path between two vertices in a connected simple undirected weighted graph with n
vertices.

In this week, we learned what isomorphism is, what bipartite & isomorphic graphs are & the
adjacency list/matrix of a graph. Also we looked at what is a weighted graph is & Dijkstra's
Algorithm for finding the shortest path between nodes in a weighted graph.



