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Essential Question:

What are relations & their properties. Also, how can they be represented?

Questions/Cues:

What is a binary relation from A to B?

How are functions described as relations?

What are relations on a set?

What are some properties of relations?

How do we combine two relations from A to B?

What is the composite of two relations?

How can a relation be represented using a matrix?
How can a relation be represented using a digraph?
What types of closures can be performed on relations?

DEFINITION 1 Let A and B be sets. A binary relation from A to B is a subset of A x B.

In other words, a binary relation from A to B is a set R of ordered pairs where the first element
of each ordered pair comes from A and the second element comes from B. We use the notation
a R b to denote that (a, b) € R and a R b to denote that (a, b) ¢ R. Moreover, when (a, b)
belongs to R, a is said to be related to b by R.

Binary relations represent relationships between the elements of two sets. We will introduce
n-ary relations, which express relationships among elements of more than two sets, later in this
chapter. We will omit the word binary when there is no danger of confusion.

EXAMPLE1 Let A be the set of students in your school, and let B be the set of courses. Let R be
the relation that consists of those pairs (a, b), where @ is a student enrolled in course b.
For instance, if Jason Goodfriend and Deborah Sherman are enrolled in CS518, the pairs

(Jason Goodfriend, CS518) and (Deborah Sherman, CS518) belong to R. If Jason Goodfriend
is also enrolled in CS510, then the pair (Jason Goodfriend, CS510) is also in R. However,
if Deborah Sherman is not enrolled in CS510, then the pair (Deborah Sherman, CS510) is
notin R.

Note that if a student is not currently enrolled in any courses there will be no pairs in R that
have this student as the first element. Similarly, if a course is not currently being offered there
will be no pairs in R that have this course as their second element. 4



EXAMPLE 2 Let A be the set of cities in the U.S.A.. and let B be the set of the 50 states in the U.S.A.
Define the relation R by specifying that (a.b) belongs to R if a city with name a is in
the state b. For instance, (Boulder, Colorado), (Bangor, Maine), (Ann Arbor, Michigan),
(Middletown, New Jersey). (Middletown, New York), (Cupertino, California), and
(Red Bank, New Jersey) are in R. 4

EXAMPLE3 Let A={0,1,2}and B = {a, b}. Then {(0, a), (0, b), (1, a). (2, b)} is a relation from A to B.
This means, for instance, that O R a, but that 1 R b. Relations can be represented graphically,
as shown in Figure 1, using arrows to represent ordered pairs. Another way to represent this
relation is to use a table, which is also done in Figure 1. We will discuss representations of
relations in more detail in Section 9.3. |
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FIGURE 1 Displaying the Ordered Pairs in the Relation R from Example 3.
Functions as Relations

Recall that a function f from a set A to a set B (as defined in Section 2.3) assigns exactly
one element of B to each element of A. The graph of f is the set of ordered pairs (a, &) such
that b = f(a). Because the graph of f is a subset of A x B, it is a relation from A to B.
Moreover, the graph of a function has the property that every element of A is the first element
of exactly one ordered pair of the graph.

Conversely, if R is a relation from A to B such that every element in A is the first element
of exactly one ordered pair of R, then a function can be defined with R as its graph. This can be
done by assigning to an element @ of A the unique element b € B such that (a. b) £ R. (Note
that the relation R in Example 2 is not the graph of a function because Middletown occurs more
than once as the first element of an ordered pair in R.)

A relation can be used to express a one-to-many relationship between the elements of the
sets A and B (as in Example 2), where an element of A may be related to more than one element
of B. A function represents a relation where exactly one element of B is related to each element
of A.

Relations are a generalization of graphs of functions: they can be used to express a much
wider class of relationships between sets. (Recall that the graph of the function f from A to B
is the set of ordered pairs (a, f(a)) fora € A.)

DEFINITION 2 A relation on a set A is a relation from A to A.

In other words, a relation on a set A is a subset of A = A.

EXAMPLE 4 Let A be the set {1, 2, 3, 4}. Which ordered pairs are in the relation R = {(a, b) | a divides b}?

Solution: Because (a, b) isin R if and only if @ and b are positive integers not exceeding 4 such
that a divides b, we see that

R={(1.1),(1,2).(1.3).(1.4),(2,2).(2.4). (3.3). 4. 4)}.

The pairs in this relation are displayed both graphically and in tabular form in Figure 2. <4
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FIGURE 2 Displaying the Ordered Pairs in
the Relation K from Example 4.

EXAMPLE 5

Consider these relations on the set of integers:

Ry ={(a.b)|a=b}

Ry ={(a,b) | a > b},

Ry ={(a,b) | a=bora=—b},
Rs={(a,b) | a=b},
Rs={(a,b)[a=Db+1},
Rs=1{(a.b) | a+ b = 3).

Which of these relations contain each of the pairs (1, 1), (1, 2), (2, 1), (1, —1), and (2, 2)?

Remark: Unlike the relations in Examples 14, these are relations on an infinite set.

Solution: The pair (1, 1) is in Ry, R3, Ry. and Rg: (1,2) is in Ry and Rg: (2, 1) is in R, Rs.
and Rg: (1, —1) isin Ry, R3, and Rg: and finally, (2, 2) is in R|. R3, and Ry. 4

It is not hard to determine the number of relations on a finite set, because a relation on a
set A is simply a subsetof A x A.

DEFINITION 3 A relation R on a set A is called reflexive if (a, a) € R for every element a € A.

EXAMPLE 7

EXAMPLE 8

EXAMPLE 9

Remark: Using quantifiers we see that the relation R on the set A is reflexive if Ya((a,a) € R),
where the universe of discourse is the set of all elements in A.

We see that a relation on A is reflexive if every element of A is related to itself.

Consider the following relations on {1, 2, 3, 4}

R =1{(1,1),(1,2),(2,1),(2,2), 3,4, 4, ), 4, )},

Ry ={(1, 1), (1,2), (2, D)},

Ry={(1,1),(1,2),(1.4),(2,1),(2,2),(3,3), (4, 1), (4, 4)},

Ra=1{(2,1),(3,1),(3.2), (4, 1), (4,2), (4. 3)},

Rs ={(1,1),(1,2),(1,3),(1,4),(2,2),(2,3), (2,4, (3,3), 3,4), 4, 4},
{

Which of these relations are reflexive?

Solution: The relations R3 and Rs are reflexive because they both contain all pairs of the form
(a,a), namely, (1, 1), (2. 2), (3, 3), and (4, 4). The other relations are not reflexive because
they do not contain all of these ordered pairs. In particular, R, R, R4, and Rg are not reflexive
because (3, 3) is not in any of these relations. |

Which of the relations from Example 5 are reflexive?
Solution: The reflexive relations from Example 5 are R (because a < a for every integer a),

Rs, and Ry4. For each of the other relations in this example it is easy to find a pair of the
form (a. a) that is not in the relation. (This is left as an exercise for the reader.) |

Is the “divides” relation on the set of positive integers reflexive?
Solution: Because a | a whenever a is a positive integer, the “divides™ relation is reflexive. (Note

that if we replace the set of positive integers with the set of all integers the relation is not reflexive
because by definition 0 does not divide 0.) 4



DEFINITION 4

EXAMPLE 10

Extra
Examples ®

EXAMPLE 11

EXAMPLE 12

In some relations an element is related to a second element if and only if the second element
is also related to the first element. The relation consisting of pairs (x, ¥), where x and y are
students at your school with at least one common class has this property. Other relations have
the property that if an element is related to a second element, then this second element is not
related to the first. The relation consisting of the pairs (x, v). where x and y are students at your
school, where x has a higher grade point average than y has this property.

Arelation R on aset A is called symmetric if (b, a) € R whenever (a, b) € R, foralla, b € A.
A relation R on a set A such that forall a, b € A, if (a,b) € Rand (b,a) € R, thena =b
is called antisymmetric.

Remark: Using quantifiers, we see that the relation R on the set A is symmetric if
Va¥b((a,b) € R — (b,a) € R). Similarly, the relation R on the set A is antisymmetric if
Vav¥b(((a,b) € R A (b,a) € R) — (a =b)).

That is, a relation is symmetric if and only if a is related to b implies that b is related to a.
A relation is antisymmetric if and only if there are no pairs of distinct elements @ and b with a
related to b and b related to a. That is, the only way to have a related to b and b related to a is
for @ and b to be the same element. The terms symmetric and antisymmetric are not opposites,
because a relation can have both of these properties or may lack both of them (see Exercise
10). A relation cannot be both symmetric and antisymmetric if it contains some pair of the form
(a,b), where a # b.

Which of the relations from Example 7 are symmetric and which are antisymmetric?

Solurion: The relations Ry and R are symmetric, because in each case (b, @) belongs to the
relation whenever (a, b) does. For R», the only thing to check is that both (2, 1) and (1, 2) are
in the relation. For R3, it is necessary to check that both (1, 2) and (2, 1) belong to the relation,
and (1.4) and (4. 1) belong to the relation. The reader should verify that none of the other
relations is symmetric. This is done by finding a pair (a. b) such that it is in the relation
but (b, a) is not.

Ry, Rs, and Rg are all antisymmetric. For each of these relations there is no pair of elements
a and b with a # b such that both (a, b) and (b, a) belong to the relation. The reader should
verify that none of the other relations is antisymmetric. This is done by finding a pair (a, b)
with a # b such that (a, b) and (b, a) are both in the relation. <

Which of the relations from Example 5 are symmetric and which are antisymmetric?

Solurion: The relations R3, Ry, and Rg are symmetric. R3 is symmetric, forifa = bora = —b,
then b =a or b = —a. Ry is symmetric because @ = b implies that b = a. Ry is symmetric
because a + b = 3 implies that b +a = 3. The reader should verify that none of the other
relations is symmetric.

The relations Ry, Rz, R4, and Rs are antisymmetric. R is antisymmetric because the

inequalities @ = b and b = a imply that @ = b. R> is antisymmetric because it is impossible
that @ > b and b > a. Ry is antisymmetric, because two elements are related with respect to
R4 if and only if they are equal. Rs is antisymmetric because it is impossible that a = b 4 1
and b = a + 1. The reader should verify that none of the other relations is antisymmetric. 4

Is the “divides” relation on the set of positive integers symmetric? Is it antisymmetric?

Solution: This relation is not symmetric because 1|2, but 2 f 1. It is antisymmetric, for if a
and b are positive integers with a |b and b|a, then a = b (the verification of this is left as an
exercise for the reader). L |

Let R be the relation consisting of all pairs (x, y) of students at your school, where x has
taken more credits than y. Suppose that x is related to y and y is related to z. This means
that x has taken more credits than v and y has taken more credits than z. We can conclude
that x has taken more credits than z, so that x is related to z. What we have shown is that R has
the transitive property, which is defined as follows.

DEFINITION 5 A relation R on a set A is called fransitive if whenever (a,b) € R and (b.c) € R,

then (a.c) € R, foralla,b,c € A.

Remark: Using quantifiers we see that the relation R on a set A is transitive if we have
Ya¥bV¥c(((a,b) € R A (b,c) € R) — (a,c) € R).
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Which of the relations in Example 7 are transitive?

Solution: Ry, Rs, and Ry are transitive. For each of these relations, we can show that it is
transitive by verifying that if (a, b) and (b, ¢) belong to this relation, then (a, ¢} also does. For
instance, Ry is transitive, because (3, 2) and (2, 1), (4, 2) and (2. 1), (4. 3) and (3, 1), and (4, 3)
and (3, 2) are the only such sets of pairs, and (3. 1). (4, 1), and (4, 2) belong to Rs4. The reader
should verify that Rs and Ry are transitive.

Ry is not transitive because (3,4) and (4, 1) belong to Ry, but (3, 1) does not. R> is
not transitive because (2, 1) and (1, 2) belong to K;, but (2, 2) does not. R3 is not transitive
because (4, 1) and (1, 2) belong to Rs, but (4, 2) does not. <

Which of the relations in Example 5 are transitive?

Solution: The relations R, R, R, and Ry are transitive. R is transitive becausea < bandb = ¢
imply that @ = c. Rz is transitive because a > b and b = ¢ imply that a = c. R3 is transitive
because @ = £b and b = £c imply that @ = c. Ry is clearly transitive, as the reader should
verify. Rs is not transitive because (2, 1) and (1, 0) belong to Rs, but (2, 0) does not. Ry is not
transitive because (2, 1) and (1, 2) belong to Rg, but (2, 2) does not. <

Is the “divides™ relation on the set of positive integers transitive?

Solution: Suppose that @ divides b and b divides c. Then there are positive integers k and [
such that b = ak and ¢ = bl. Hence, ¢ = a(kl), so a divides c. It follows that this relation is
transitive. 4

We can use counting techniques to determine the number of relations with specific proper-
ties. Finding the number of relations with a particular property provides information about how
common this property is in the set of all relations on a set with n elements.

Let A={1,2,3} and B ={1,2.3,4}). The relations R, ={(1.1), (2,2), (3,3)} and
Ry ={(1. 1), (1, 2), (1, 3), (1, 4)} can be combined to obtain

Ry URy ={(1,1),(1,2),(1,3),(1,4).(2,2), (3, 3)},
RN Ry ={(1, D},

Ry — Ry =1{(2,2).(3,3)},

Ry — Ry ={(1,2).(1.3). (1. 4)}.

|

Let A and B be the set of all students and the set of all courses at a school, respectively.
Suppose that R| consists of all ordered pairs (a, b), where a is a student who has taken course b,
and R> consists of all ordered pairs (a, b), where a is a student who requires course b to graduate.
What are the relations R UR2, RiN R, R & B2, Ry — B>, and B2 — Ry ?

Solution: The relation Ry U Ry consists of all ordered pairs (a, b), where a is a student who
either has taken course b or needs course b to graduate, and R; N R; is the set of all ordered
pairs (a, b), where a is a student who has taken course b and needs this course to graduate.
Also, R & R; consists of all ordered pairs (a. b), where student a has taken course b but does
not need it to graduate or needs course b to graduate but has not taken it. R) — R> is the set of
ordered pairs (a, b), where a has taken course b but does not need it to graduate; that is, b is
an elective course that a has taken. R; — R) is the set of all ordered pairs (a. b). where b is a
course that @ needs to graduate but has not taken. <
Let Ry be the “less than™ relation on the set of real numbers and let Ry be the “greater than™
relation on the set of real numbers, that is, Ry = {(x,v) | x = ¥}and Ry = {(x.¥) | x = v}.
Whatare RiUR2, RiNMR2, R — R, R — Ry.and R) & R2?

Selution: We note that (x,y) € Ry U Ry if and only if (x, ¥) € Ry or (x, ¥) € R2. Hence.
(x,¥) € Ry UR, if and only if x = ¥ or x > y. Because the condition x < y or x > y is
the same as the condition x # y. it follows that Ry U Ry = {(x, ¥) | x # v}. In other words, the
union of the “less than™ relation and the “greater than” relation is the “not equals™ relation.
Next., note that it is impossible for a pair (x, y) to belong to both R| and R; because it is
impossible that x < y and x = y. It follows that Ry N Ry = ¥. We also see that Ry — R2 = R,
B—Ri=Ryand R &Ry =R UR, — R NRy={(x,y) | x #y} <

DEFINITION 6 Let R be arelation from a set A to aset B and S a relation from B to a set C. The composite

of R and § is the relation consisting of ordered pairs (a, ¢), where a € A, ¢ € C, and for
which there exists an element b € B such that (a, b) € R and (b, ¢) € §. We denote the
composite of R and § by SoR.

Computing the composite of two relations requires that we find elements that are the second
element of ordered pairs in the first relation and the first element of ordered pairs in the second
relation, as Examples 20 and 21 illustrate.



EXAMPLE 20 What is the composite of the relations R and S, where R is therelation from {1, 2, 3} to {1, 2, 3, 4}
with R = {(1. 1), (1,4),(2,3).(3.1),(3,4)} and § is the relation from {1, 2, 3. 4} to {0, 1. 2}
with § = {(1,0).(2,0), (3,1),(3.2), (4, D}?

Solution: S o R is constructed using all ordered pairs in R and ordered pairs in S, where the
second element of the ordered pair in R agrees with the first element of the ordered pair
in S. For example, the ordered pairs (2, 3) in R and (3, 1) in § produce the ordered pair (2, 1)
in S o R. Computing all the ordered pairs in the composite, we find

SoR={(1.0),(1,1).(2.1),(2,2). (3.0), (3. D) }. <4

EXAMPLE 21 Composing the Parent Relation with Itself Let R be the relation on the set of all people
such that (a, b) € R if person a is a parent of person b. Then (a, ¢) € R R if and only if there
is a person b such that (a, b) € R and (b. c) € R, that is, if and only if there is a person b such
that a is a parent of b and b is a parent of ¢. In other words, (a,¢) € RoR ifand only if a is a
grandparent of c. 4

The powers of a relation R can be recursively defined from the definition of a composite of
two relations.

DEFINITION 7 Let R be arelation on the set A. The powers R”, n = 1,2, 3, ..., are defined recursively by

R'=R and R _ R" o R.

The definition shows that RZ = R oR, R* = R2oR = (R o R)o R, and so on.
EXAMPLE 22 Let R = {(1. 1), (2, 1). (3. 2). (4. 3)). Find the powers R".n =2,3.4,....
Solution: Because RZ= RoR, we find that R? ={(1,1),(2,1).(3,1),(4.2)}. Further-
more, because R = R2o R, R? = [(1, 1), (2, 1), (3, 1), (4, 1)}. Additional computation shows
that R* is the same as R3, so R* = {(1, 1), (2, 1), (3, 1), (4, D)}. It also follows that R" = R3
forn=5,6,7,.... The reader should verify this. «

The following theorem shows that the powers of a transitive relation are subsets of this
relation. It will be used in Section 9.4.

THEOREM 1 The relation R on a set A is transitive if and only if R" C R forn =1,2,3,....

Representing Relations Using Matrices

A relation between finite sets can be represented using a zero—one matrix. Suppose that R is a
relation from A = {ay. a2, ..., an} to B = {by, b2, ..., by}. (Here the elements of the sets A
and B have been listed in a particular, but arbitrary, order. Furthermore, when A = B we use
the same ordering for A and B.) The relation R can be represented by the matrix Mg = [m;;],
where

1if (ai, bj) € R,
mi; =
Yo |oif (ai b)) € R.

In other words, the zero—one matrix representing R has a | as its (i, j) entry when a; is related
to b;, and a 0 in this position if g; is not related to b;. (Such a representation depends on the
orderings used for A and B.)
EXAMPLE 1 Suppose that A = {1, 2,3} and B = {1, 2}. Let R be the relation from A to B containing (a, b)
ifae A b e B, and a = b. What is the matrix representing R it a1 = 1, a2 = 2, and a3 = 3,
and by = 1 and b2 = 27

Solution: Because R = {(2, 1), (3, 1), (3, 2)}, the matrix for R is

Mp =

—
Lol ==}

The 1s in Mg show that the pairs (2, 1), (3. 1), and (3. 2) belong to R. The Os show that no
other pairs belong to R. <



EXAMPLE 2 Let A ={ay,as, a3} and B = {by, by, b3, by, bs}. Which ordered pairs are in the relation R
represented by the matrix

01 000
Mg=|1 011 0f?
1 0101

Solution: Because R consists of those ordered pairs (g;, b;) with m;; = 1, it follows that

R= {(all bg}. (azs Ibl)- (‘92! b3}! (‘329 b4)- (a3, bl)! (ﬂij. b}}, (as, bﬁ)} 4

The matrix of a relation on a set, which is a square matrix, can be used to determine whether

the relation has certain properties. Recall that arelation R on A is reflexiveif (a, a) € R whenever

a € A. Thus, R is reflexive if and only if (a;. a;) € Rfori =1,2,..., n. Hence, R is reflexive

ifand only if mj; = 1, fori = 1,2,....n. In other words, R is reflexive if all the elements on

I the main diagonal of My are equal to 1, as shown in Figure 1. Note that the elements off the
main diagonal can be either O or 1.

The relation R is symmetric if (a, b) € R implies that (b, a) € R. Consequently, the

1 relation R on the set A = {ay, a2, ..., a,} is symmetric if and only if (aj, a;) € R whenever

(a;,aj) € R. In terms of the entries of Mg, R is symmetric if and only if m ; = 1 whenever

o m;; = 1. This also means m ;; = 0 whenever m;; = 0. Consequently, R is symmetric if and

FIGURE 1 The only if mjj = m j;, for all pairs of integers i and j withi =1,2,....,nand j =1,2,...,n.

Zero—One Matrix  Recalling the definition of the transpose of a matrix from Section 2.6, we see that R is symmetric

for a Reflexive if and only if
Relation. (Off

Diagonal Ele- Mg = (Mg)',
ments Can

BeOorl.)

that is, if Mg is a symmetric matrix. The form of the matrix for a symmetric relation is illustrated
in Figure 2(a).

The relation R is antisymmetric if and only if (@, b) € R and (b, a) € R imply thata = b.
Consequently, the matrix of an antisymmetric relation has the property that if m;; = 1 with
i # j, then mj; = 0. Or, in other words, either m;; = 0 or mj; = 0 when i # j. The form of
the matrix for an antisymmetric relation is illustrated in Figure 2(b).

(a) Symmetric (b) Antisymmetric

FIGURE 2 The Zero—One Matrices for
Symmetric and Antisymmetric Relations.

EXAMPLE 3 Suppose that the relation R on a set is represented by the matrix

1 1 0
Mp=|1 1 1
01 1

Is R reflexive, symmetric, and/or antisymmetric?

Solution: Because all the diagonal elements of this matrix are equalto 1, R is reflexive. Moreover,
because Mp is symmetric, it follows that R is symmetric. It is also easy to see that R is not
antisymmedtric. 4

The Boolean operations join and meet (discussed in Section 2.6) can be used to find the
matrices representing the union and the intersection of two relations. Suppose that Ry and R;
are relations on a set A represented by the matrices Mg, and Mg, , respectively. The matrix
representing the union of these relations has a 1 in the positions where either My, or Mg, has
a 1. The matrix representing the intersection of these relations has a 1 in the positions where
both Mg, and Mg, have a 1. Thus, the matrices representing the union and intersection of these
relations are

Mpg,ur, = Mg, v Mg, and Mg, nr, = Mg, n Mg,.



EXAMPLE 4  Suppose that the relations Ry and R; on a set A are represented by the matrices
1 0 1 1 0 1
Mg, =|1 0 0 and Mg, =[0 1 1
01 0 1 0 0

What are the matrices representing Ry U Rz and Ry N R2?

Solution: The matrices of these relations are

1 01
I“R[LIR; =NlR] W MR; =1 1 1},
|11 0]
1 0 1]
I\"IRLHR: = NIR] M NIRZ =0 0 0
0 0 0

We now turn our attention to determining the matrix for the composite of relations. This
matrix can be found using the Boolean product of the matrices (discussed in Section 2.6) for
these relations. In particular, suppose that R is a relation from A to B and § is a relation
from B to C. Suppose that A. B, and C have m, n, and p elements, respectively. Let the zero—
one matrices for SoR, R, and § be Ms.g = [t;j]. Mg = [rij], and Ms = [s;;]. respectively
(these matrices have sizes m x p, m x n, and n x p, respectively). The ordered pair (a;. c;)
belongs to § e R if and only if there is an element by such that (g;, by) belongs to R and (b, ¢;)
belongs to §. It follows that £;; = 1 if and only if ry = s5;; = 1 for some k. From the definition
of the Boolean product, this means that

Mg.p = Mg © Ms.
EXAMPLE 5  Find the matrix representing the relations S © R, where the matrices representing R and S are

1 0 1 0 0
Mg=1|1 1 0 and Msg= |0 L.
0 0 0 1 1

Solution: The matrix for SoR is

11 1
Msog =MpoMs=]0 1 1{.
0 0 0

The matrix representing the composite of two relations can be used to find the matrix
for M gs. In particular,

OO e

Mgs = MU,

from the definition of Boolean powers.
EXAMPLE 6  Find the matrix representing the relation R>, where the matrix representing R is

Mpgr =

Ll = =]
O
o = Q2

Solution: The matrix for R? is

Mp: = ME! =

o= o
—_
)
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A Directed Graph.

A directed graph, or digraph, consists of a set V of vertices (or nodes) together with a set
E of ordered pairs of elements of V called edges (or arcs). The vertex a is called the initial
vertex of the edge (a, b), and the vertex b is called the ferminal vertex of this edge.

An edge of the form (a, a) is represented using an arc from the vertex a back to itself. Such

an edge is called a loop.

The directed graph with vertices a, b, ¢, and d, and edges (a, b). (a,d), (b, b), (b.d), (c. a)
(c, b), and (d, b) is displayed in Figure 3.

The relation R on aset A is represented by the directed graph that has the elements of A as its
vertices and the ordered pairs (a, b), where (a, b) € R, as edges. This assignment sets up a one-
to-one correspondence between the relations on a set A and the directed graphs with A as their
set of vertices. Thus, every statement about relations corresponds to a statement about directed
graphs, and vice versa. Directed graphs give a visual display of information about relations. As
such, they are often used to study relations and their properties. (Note that relations from a set
A to a set B can be represented by a directed graph where there is a vertex for each element of
A and a vertex for each element of B, as shown in Section 9.1. However, when A = B, such
representation provides much less insight than the digraph representations described here.) The
use of directed graphs to represent relations on a set is illustrated in Examples 8-10.

EXAMPLES The directed graph of the relation

R={(1.1),(1,3),(2,1).(2,3),(2,4). (3, 1),3,2), 4. 1)}

on the set {1, 2, 3, 4} is shown in Figure 4.

FIGURE 4

The

Directed Graph
of the Relation K.

EXAMPLE 9 What are the ordered pairs in the relation R represented by the directed graph shown in Figure 57

Solurion: The ordered pairs (x, y) in the relation are

R={(1.3).(1,4),(2.1).2,2),(2,3), 3. D. (3,3), (4. 1), (4, 3)}.

Each of these pairs corresponds to an edge of the directed graph, with (2, 2) and (3, 3) corre-
sponding to loops. <
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FIGURE 5 The
Directed Graph
of the Relation K.

The directed graph representing a relation can be used to determine whether the relation
has various properties. For instance, a relation is reflexive if and only if there is a loop at every
vertex of the directed graph, so that every ordered pair of the form (x, x) occurs in the relation.
A relation is symmetric if and only if for every edge between distinct vertices in its digraph
there is an edge in the opposite direction, so that (v, x) is in the relation whenever (x, ) is
in the relation. Similarly, a relation is antisymmetric if and only if there are never two edges
in opposite directions between distinct vertices. Finally, a relation is transitive if and only if
whenever there is an edge from a vertex x to a vertex ¥ and an edge from a vertex y to a
vertex z, there is an edge from x to z (completing a triangle where each side is a directed edge
with the correct direction).

Remark: Note that a symmetric relation can be represented by an undirected graph, which is a
graph where edges do not have directions. We will study undirected graphs in Chapter 10.

EXAMPLE 10  Determine whether the relations for the directed graphs shown in Figure 6 are reflexive, sym-
metric, antisymmetric, and/or transitive.

Solution: Because there are loops at every vertex of the directed graph of R, it is reflexive. R is
neither symmetric nor antisymmetric because there is an edge from a to b but not one from b to
a. but there are edges in both directions connecting b and c. Finally, R is not transitive because
there is an edge from a to b and an edge from b to ¢, but no edge froma to c.

Because loops are not present at all the vertices of the directed graph of S, this relation is not
reflexive. It is symmetric and not antisymmetric, because every edge between distinct vertices
is accompanied by an edge in the opposite direction. It is also not hard to see from the directed

graph that § is not transitive, because (c, a) and (a, b) belong to §. but (c, b) does not belong
to S. L

c d

(a) Directed graph of R (b) Directed graph of §

FIGURE 6 The Directed Graphs of the
Relations R and §.



Closures

The relation R = {(1, 1), (1,2), (2, 1), (3, 2)} onthe set A = {1, 2, 3} is not reflexive. How can
we produce a reflexive relation containing R that is as small as possible? This can be done by
adding (2, 2) and (3, 3) to R, because these are the only pairs of the form (a, a) that are not in R.
Clearly, this new relation contains R. Furthermore, any reflexive relation that contains R must
also contain (2, 2) and (3, 3). Because this relation contains R, is reflexive, and is contained
within every reflexive relation that contains R, it is called the reflexive closure of R.

As this example illustrates, given a relation R on a set A, the reflexive closure of R can be
formed by adding to R all pairs of the form (a, @) with @ € A, not already in R. The addition
of these pairs produces a new relation that is reflexive, contains R, and is contained within any
reflexive relation containing R. We see that the reflexive closure of R equals R U A, where
A ={(a,a) | a e A} is the diagonal relation on A. (The reader should verify this.)

EXAMPLE 1

EXAMPLE 2

Exira
Examples

What is the reflexive closure of the relation R = {(a. b) | a < b} on the set of integers?
Solution: The reflexive closure of R is
RUA={(a.b)|a<=b}U{(a,a)|acd}={a,b)|a=<h} <

The relation {(1. 1), (1, 2), (2, 2).(2.3).(3, 1), (3. 2)} on {1, 2, 3} is not symmetric. How
can we produce a symmetric relation that is as small as possible and contains R? To do this,
we need only add (2, 1) and (1, 3), because these are the only pairs of the form (b, a) with
(a, b) € R that are not in R. This new relation is symmetric and contains R. Furthermore, any
symmetric relation that contains R must contain this new relation, because a symmetric relation
that contains R must contain (2, 1) and (1, 3). Consequently, this new relation is called the
symmetric closure of R.

As this example illustrates, the symmetric closure of a relation R can be constructed by
adding all ordered pairs of the form (b, a), where (a, b) is in the relation, that are not al-
ready present in R. Adding these pairs produces a relation that is symmetric, that contains R,
and that is contained in any symmetric relation that contains R. The symmetric closure of a
relation can be constructed by taking the union of a relation with its inverse (defined in the
preamble of Exercise 26 in Section 9.1); that is, R U R~ s the symmetric closure of R, where
R~!' = {(b,a) | (a.b) € R}. The reader should verify this statement.

What is the symmetric closure of the relation R = {(a. b) | @ = b} onthe setof positive integers?

Solution: The symmetric closure of R is the relation
RUR '={(a,b)|a>byU((b,a)|a > b}={(a,b)|a#b).

This last equality follows because R contains all ordered pairs of positive integers where the
first element is greater than the second element and R~! contains all ordered pairs of positive
integers where the first element is less than the second.

Suppose that a relation R is not transitive. How can we produce a transitive relation that
contains R such that this new relation is contained within any transitive relation that con-
tains R? Can the transitive closure of a relation R be produced by adding all the pairs of
the form (a, ¢). where (a,b) and (b, ¢) are already in the relation? Consider the relation

R ={(1,3),(1,4),(2,1), (3. 2)} on the set {1, 2, 3, 4}. This relation is not transitive because
it does not contain all pairs of the form (a, ¢) where (a, b) and (b, ¢) are in R. The pairs of
this form not in R are (1, 2), (2, 3). (2. 4), and (3, 1). Adding these pairs does nof produce a
transitive relation, because the resulting relation contains (3, 1) and (1, 4) but does not contain
(3, 4). This shows that constructing the transitive closure of a relation is more complicated than
constructing either the reflexive or symmetric closure. The rest of this section develops algo-
rithms for constructing transitive closures. As will be shown later in this section, the transitive
closure of a relation can be found by adding new ordered pairs that must be present and then
repeating this process until no new ordered pairs are needed.



DEFINITION 1

EXAMPLE 3

THEOREM 1

A path in a directed graph is obtained by traversing along edges (in the same direction as
indicated by the arrow on the edge).

A path from a to b in the directed graph G is a sequence of edges (xp,xp), (x1,x2).
(x2,x3), ..., (xy_1, %) in G, where n is a nonnegative integer, and xp = a and x, = b,
that is, a sequence of edges where the terminal vertex of an edge is the same as the initial
vertex in the next edge in the path. This path is denoted by xo. x1, X2, ..., Xa—1. X, and has
length n. We view the empty set of edges as a path of length zero from a to a. A path of
length 7 = 1 that begins and ends at the same vertex is called a circuit or cycle.

A path in a directed graph can pass through a vertex more than once. Moreover, an edge in
a directed graph can occur more than once in a path.

Which of the following are paths in the directed graph shown in Figure 1: a, b, e. d:a,e.c, d, b;
b,a,e,b,a,a,byd,cic,b.aje b,a, b, a,b,e? What are the lengths of those that are paths?
Which of the paths in this list are circuits?

Solution: Because each of (a. b), (b, €), and (e, d) is an edge, a, b, ¢, d is a path of length three.
Because (¢, d) is not an edge, a. e, c,d. b is not a path. Also, b, a.c,b,a,a, b is a path of
length six because (b, a), (a.c). (c,b), (b.a), (a,a), and (a. b) are all edges. We see that d. ¢
is a path of length one, because (d, ¢) is an edge. Also ¢, b, a is a path of length two, because
(¢, b) and (b, a) are edges. All of (e, b), (b, a), (a.b), (b,a), (a,b), and (b, ¢) are edges, so
e.b,a, b, a, b, eisa path of length six.

The two paths b.a,c.b,a,a,b and e, b,a, b, a. b, e are circuits because they begin and
end at the same vertex. The paths a, b, e, d: ¢, b, a: and d, ¢ are not circuits.

\_od €
FIGURE 1 A Directed Graph.

The term path also applies to relations. Carrying over the definition from directed graphs to
relations, there is a path froma to b in R if there is a sequence of elements a, xy, x2,.... x,—1, b
with (a.x1) € R, (x;.x2) € R, ..., and (x,;—1, b) € R. Theorem 1 can be obtained from the
definition of a path in a relation.

Let R be a relation on a set A. There is a path of length n, where n is a positive integer, from
a to b if and only if (a, b) € R".

Transitive Closures

We now show that finding the transitive closure of a relation is equivalent to determining which
pairs of vertices in the associated directed graph are connected by a path. With this in mind, we
define a new relation.

DEFINITION 2 Let R be a relation on a set A. The connectivity relation R* consists of the pairs (a, b) such

that there is a path of length at least one from a to b in R.

Because R" consists of the pairs (a. b) such that there is a path of length n from a to b, it follows
that R* is the union of all the sets R". In other words,

.
R* = U R™.
n=1

The connectivity relation is useful in many models.



EXAMPLE 4

EXAMPLE 5

EXAMPLE 6

THEOREM 2

LEMMA 1

THEOREM 3

Let R be the relation on the set of all people in the world that contains (a. b) if a has met b.
What is R", where n is a positive integer greater than one? What is R*?

Solution: The relation RZ contains (a, b) ifthere is a person ¢ such that (a, ¢) € Rand (¢, b) € R,
that is, if there is a person ¢ such that a has met ¢ and ¢ has met b. Similarly, R" consists of
those pairs (a, b) such that there are people x1, x2,.... xs—1 such that @ has met x1, x| has
met X7, ..., and x,_; has met b.

The relation R* contains (a, b) if there is a sequence of people, starting with @ and ending
with b, such that each person in the sequence has met the next person in the sequence. (There
are many interesting conjectures about R*. Do you think that this connectivity relation includes
the pair with you as the first element and the president of Mongolia as the second element? We
will use graphs to model this application in Chapter 10.) D

Let R be the relation on the set of all subway stops in New York City that contains (a, b) if it is
possible to travel from stop a to stop b without changing trains. What is R" when # is a positive
integer? What is R*?

Solution: The relation R" contains (a, b) if it is possible to travel from stop a to stop b by making
at most n — 1 changes of trains. The relation R* consists of the ordered pairs (a, b) where it is
possible to travel from stop a to stop b making as many changes of trains as necessary. (The
reader should verify these statements.) b

Let R be the relation on the set of all states in the United States that contains (a. b) if state a
and state b have a common border. What is R", where n is a positive integer? What is R*?

Solution: The relation R" consists of the pairs (a, b), where it is possible to go from state a to
state b by crossing exactly n state borders. R* consists of the ordered pairs (a, b), where it is
possible to go from state a to state b crossing as many borders as necessary. (The reader should
verify these statements.) The only ordered pairs not in R* are those containing states that are not
connected to the continental United States (i.e., those pairs containing Alaska or Hawaii). 4

Theorem 2 shows that the transitive closure of a relation and the associated connectivity
relation are the same.

The transitive closure of a relation R equals the connectivity relation R*.

Let A be a set with n elements, and let R be a relation on A. If there is a path of length at
least one in R from a to b, then there is such a path with length not exceeding n. Moreover,
when a # b, if there is a path of length at least one in R from a to b, then there is such a path
with length not exceeding n — 1.

Let Mg be the zero—one matrix of the relation R on a set with n elements. Then the zero—one
matrix of the transitive closure R* is

Mgs = Mg v MR v MBT v .oy MU

EXAMPLE 7 Find the zero—one matrix of the transitive closure of the relation R where

|
Mg=10
1

_ e
o

Solution: By Theorem 3, it follows that the zero—one matrix of R* is

Mps = Mg v ME v MEL

111 111
M =10 1 0 and  MYPl=f0 1 0f,
111 111



it follows that

1 0 1 I 1 1 1 1 1 I 1 1
Mg:={0 1 O{viO0O 1 OjviO I 0}={0 1 0
1 1 0 1 1 1 1 1 1 I 1 1

In this week, we learned what a relation is, the properties of relations, how to combine
relations, the representations of relations & transitive closure of a relation.



