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Essential Question:

What is the difference between a equivalence class & relation? Also how is order
demonstrated in relations?

Questions/Cues:

What is an equivalence relation?

What is an equivalence class?

What is the connection between partitions of a set & equivalence classes?
What is a partial order in relations?

What does it mean when two elements of a poset are said to comparable?
What is a total order in relations?

A relation on a set A is called an equivalence relation if it is reflexive, symmetric, and
transitive.

DEFINITION 2 Two elements a and b that are related by an equivalence relation are called equivalent. The
notation a ~ b is often used to denote that a and b are equivalent elements with respect to a
particular equivalence relation.

For the notion of equivalent elements to make sense, every element should be equivalent to
itself, as the reflexive property guarantees for an equivalence relation. It makes sense to say
that @ and b are related (not just that a is related to b) by an equivalence relation, because
when a is related to b, by the symmetric property, b is related to a. Furthermore, because an
equivalence relation is transitive, if a and b are equivalent and b and ¢ are equivalent, it follows
that a and ¢ are equivalent.
EXAMPLE 2 Let R be the relation on the set of real numbers such that a Rb if and only if @ — b is an integer.
Is R an equivalence relation?
Extra ™ Solution: Because a —a = 0 is an integer for all real numbers a, aRa for all real numbers a.
Examples 35 Hence, R is reflexive. Now suppose that aRb. Then a — b is an integer, so b —a 1s also an
integer. Hence, bRa. It follows that R is symmetric. If aRb and bRc, then a —b and b —¢
are integers. Therefore, @ — ¢ = (a — b) + (b — ¢) is also an integer. Hence, aRc¢. Thus, R is
transitive. Consequently, R is an equivalence relation. <



EXAMPLE 3

EXAMPLE 4

EXAMPLE 6

EXAMPLE 7

DEFINITION 3

EXAMPLE 8

One of the most widely used equivalence relations is congruence modulo m, where m is an
integer greater than 1.

Congruence Modulo m  Let m be an integer with m > 1. Show that the relation
R =1{(a,b)|a=>b(modm)}

is an equivalence relation on the set of integers.

Solution: Recall from Section 4.1 that a = b (mod m) if and only if m divides a — b. Note
that @ — a = 0 is divisible by m, because 0 = 0 - m. Hence, a = a (mod m), so congruence
modulo m is reflexive. Now suppose that @ = b (mod m). Then a — b is divisible by m, so
a — b = km, where k is an integer. It follows that b — a = (—k)m, so b = a (mod m). Hence,
congruence modulo m is symmetric. Next, suppose that @ = b (mod m) and b = ¢ (mod m).
Then m divides both a — b and b — c. Therefore, there are integers k and [ witha — b = km and
b — ¢ = Im. Adding these two equations shows thata —c=(a —b) + (b —c) =km +Im =
(k + ym. Thus, @ = ¢ (mod m). Therefore, congruence modulo #m is transitive. It follows that
congruence modulo m is an equivalence relation. 2|

Suppose that R is the relation on the set of strings of English letters such that a Rb if and only
if I(a) = [(b), where [(x) is the length of the string x. Is R an equivalence relation?

Solution: Because [(a) = [(a), it follows that a Ra whenever a is a string, so that R is reflex-
ive. Next, suppose that aRb, so that [(@) = [(b). Then bRa, because [(b) = [(a). Hence, R
1s symmetric. Finally, suppose that aRb and bRc. Then [(a) = [(b) and [(b) = [(c). Hence,
l{a) = l(c), so aRc. Consequently, R is transitive. Because R is reflexive, symmetric, and
transitive, it is an equivalence relation. <

Show that the “divides” relation is the set of positive integers in not an equivalence relation.

Solution: By Examples 9 and 15 in Section 9.1, we know that the “divides” relation is reflex-
ive and transitive. However, by Example 12 in Section 9.1, we know that this relation is not
symmetric (for instance, 2 | 4 but 4 } 2). We conclude that the “divides” relation on the set of
positive integers is not an equivalence relation. <

Let R be the relation on the set of real numbers such that x Ry if and only if x and y are real
numbers that differ by less than 1, thatis |[x — y| < 1. Show that R is not an equivalence relation.

Solution: R is reflexive because |x — x| = 0 < 1 whenever x € R. R is symmetric, forif xRy,
where x and y are real numbers, then [x — y| < 1, whichtellsus that |y — x| =|x —y| < 1,s0
that yRx. However, R is not an equivalence relation because it is not transitive. Take x = 2.8,
y=19, and z=1.1, so that |[x —y|=128-19/=09 <1, |y—z|=1.9-1.1| =
08 < l,but|x —z|=12.8—-1.1|=1.7 > 1. That is,2.8 R 1.9, 1.9R 1.1, but 2.8 R 1.1.

Equivalence Classes

Let A be the set of all students in your school who graduated from high school. Consider the
relation R on A that consists of all pairs (x, y), where x and y graduated from the same high
school. Given a student x, we can form the set of all students equivalent to x with respect to R.
This set consists of all students who graduated from the same high school as x did. This subset
of A is called an equivalence class of the relation.

Let R be an equivalence relation on a set A. The set of all elements that are related to an
element a of A is called the equivalence class of a. The equivalence class of a with respect
to R is denoted by [a]z. When only one relation is under consideration, we can delete the
subscript R and write [a] for this equivalence class.

In other words, if R is an equivalence relation on a set A, the equivalence class of the
element a is

lalg = {5 | (a.s) € R}.

If b € [a]g, then b is called a representative of this equivalence class. Any element of a class
can be used as a representative of this class. That is, there 1s nothing special about the particular
element chosen as the representative of the class.

What is the equivalence class of an integer for the equivalence relation of Example 17

Solution: Because an integer is equivalent to itself and its negative in this equivalence relation,
it follows that [a] = {—a, a}. This set contains two distinct integers unless a = (). For instance,

[71=1{-7. 7}, [-5] = {-5, 5}, and [0] = {0}. 4



EXAMPLE 9

‘What are the equivalence classes of 0 and 1 for congruence modulo 47

Solution: The equivalence class of 0 contains all integers a such thata = 0 (mod 4). The integers

in this class are those divisible by 4. Hence, the equivalence class of 0 for this relation is
[0]={..,—8, —4,0,4,8,...).

The equivalence class of 1 contains all the integers a such thata = 1 (mod 4). The integers
in this class are those that have a remainder of 1 when divided by 4. Hence, the equivalence
class of 1 for this relation is

[M={...—7.-3.1.5.9,...}. <

In Example 9 the equivalence classes of 0 and 1 with respect to congruence modulo 4
were found. Example 9 can easily be generalized, replacing 4 with any positive integer m.
The equivalence classes of the relation congruence modulo m are called the congruence
classes modulo m. The congruence class of an integer @ modulo m is denoted by [a],. so
laly =1....,.a—2m,a —m,a,a+m,a+ 2m, ...} For instance, from Example 9 it follows

that [0]y = {..., -8, —4.0,4,8,.. . Yand [Ilk = {....—7,—3,1,5,9,...}.

Equivalence Classes and Partitions

Let A be the set of students at your school who are majoring in exactly one subject, and let R
be the relation on A consisting of pairs (x, ¥}, where x and y are students with the same major.
Then R is an equivalence relation, as the reader should verify. We can see that R splits all
students in A into a collection of disjoint subsets, where each subset contains students with
a specified major. For instance, one subset contains all students majoring (just) in computer
science, and a second subset contains all students majoring in history. Furthermore, these sub-
sets are equivalence classes of R. This example illustrates how the equivalence classes of an
equivalence relation partition a set into disjoint, nonempty subsets. We will make these notions
more precise in the following discussion.

Let R be a relation on the set A. Theorem 1 shows that the equivalence classes of two
elements of A are either identical or disjoint.

THEOREM 1  Let R be an equivalence relation on a set A. These statements for elements a and b of A are
equivalent:
() aRb  (ii) [a]=[b] (D) [a]N[B] #0
We are now in a position to show how an equivalence relation partitions a set. Let R be an
equivalence relation on a set A. The union of the equivalence classes of R is all of A, because
an element a of A is in its own equivalence class, namely. [a]g. In other words,
Jlalr = A.
agA
In addition, from Theorem 1, it follows that these equivalence classes are either equal or disjoint,
S0
lalr (1 [b]r =0,
when [a]g # [b]g.
Recall that an index set is These two observations show that the equivalence classes form a partition of A, because

a set whose members
label, or index, the
elements of a set.

they split A into disjoint subsets. More precisely, a partition of a set S is a collection of disjoint
nonempty subsets of S that have § as their union. In other words, the collection of subsets A;,
i € I (where [ is an index set) forms a partition of S if and only if

A; £ @fori el

AiNAj =@ wheni # j,
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FIGURE 1 A Partition of a Set.

and

Jai=s.

iel

(Here the notation |_J;.; A; represents the union of the sets A; forall i € 1.) Figure 1 illustrates

the
EXAMPLE 12

THEOREM 2

EXAMPLE 13

concept of a partition of a set.

Suppose that § = {1,2,3,4,5,6}. The collection of sets A; = {1, 2,3}, A2 = {4, 5}, and
A3 = {6} forms a partition of S, because these sets are disjoint and their union is §. 4

We have seen that the equivalence classes of an equivalence relation on a set form a partition
of the set. The subsets in this partition are the equivalence classes. Conversely, every partition
of a set can be used to form an equivalence relation. Two elements are equivalent with respect
to this relation if and only if they are in the same subset of the partition.

To see this, assume that {A; | i € I}isapartitionon S. Let R be the relation on § consisting
of the pairs (x, ¥), where x and y belong to the same subset A; in the partition. To show that R
is an equivalence relation we must show that R is reflexive, symmetric, and transitive.

We see that (a,a) £ R for every a € S, because a is in the same subset as itself. Hence, R
is reflexive. If (a, b) € R, then b and a are in the same subset of the partition, so that (b, a) € R
as well. Hence, R is symmetric. If (a, b) € R and (b, ¢) € R, then a and b are in the same
subset X in the partition, and b and ¢ are in the same subset ¥ of the partition. Because the subsets
of the partition are disjoint and b belongs to X and Y, it follows that X = Y. Consequently, a
and ¢ belong to the same subset of the partition, so (a, ¢) € R. Thus, R is transitive.

It follows that R is an equivalence relation. The equivalence classes of R consist of subsets
of § containing related elements, and by the definition of R, these are the subsets of the partition.
Theorem 2 summarizes the connections we have established between equivalence relations and
partitions.

Let R be an equivalence relation on a set 5. Then the equivalence classes of R form a partition
of S. Conversely, given a partition {A; | i € I} of the set §, there is an equivalence relation
R that has the sets A;, i € [, as its equivalence classes.

List the ordered pairs in the equivalence relation R produced by the partition A} = {1, 2, 3},
Az =1{4,5),and A3 = {6} of § = {1, 2, 3,4, 5,6}, given in Example 12.

Solution: The subsets in the partition are the equivalence classes of R. The pair (a, b) € R ifand
only if @ and b are in the same subset of the partition. The pairs (1, 1), (1, 2). (1, 3), (2, 1), (2, 2).
(2,3),(3.1).(3,2), and (3, 3) belong to R because A} = {1, 2, 3} is an equivalence class; the
pairs (4,4), (4,5), (5.4), and (5, 5) belong to R because A; = {4, 5} is an equivalence class;
and finally the pair (6, 6) belongs to R because {6} is an equivalence class. No pair other than
those listed belongs to R. <

The congruence classes modulo m provide a useful illustration of Theorem 2. There
are m different congruence classes modulo m, corresponding to the m different remainders
possible when an integer is divided by m. These m congruence classes are denoted by
[0]m. [Ty« s [m — 1] They form a partition of the set of integers.

EXAMPLE 14 What are the sets in the partition of the integers arising from congruence modulo 47

Solution: There are four congruence classes, corresponding to [0]y. [1]4. [2]4, and [3]4. They

are the sets
[0l4=1{...,—8,—4,0,4,8,...},
Mly=1{....=7,-3,1,5,9,...},
[2la={....—6,-2,2,6,10,...},
Bla={....=5—-1,3,7.11,...}.

These congruence classes are disjoint, and every integer is in exactly one of them. In other

words, as Theorem 2 says, these congruence classes form a partition.

<l



A relation R on a set § is called a partial ordering or partial order if it is reflexive, antisym-
metric, and transitive. A set 5 together with a partial ordering R is called a partially ordered
set, or poset, and is denoted by (5, R). Members of § are called elements of the poset.

EXAMPLE 1T Show that the “greater than or equal” relation (=) is a partial ordering on the set of integers.

Solution: Because a = a for every integer a, = is reflexive. If @ = b and b > a, then a = b.
Hence, = is antisymmetric. Finally, = is transitive because ¢ = b and b = ¢ imply that a = c.
[t follows that = is a partial ordering on the set of integers and (7, =) is a poset.

EXAMPLE 3  Show that the inclusion relation C is a partial ordering on the power set of a set S.

Solution: Because A € A whenever A isasubsetof S, Cisreflexive. Itis antisymmetric because
A C Band B € Aimply that A = B. Finally, C is transitive, because A € B and B € C imply
that A € C. Hence, C is a partial ordering on P(S), and (P(S5)., €) is a poset. |

EXAMPLE 4 Let R be the relation on the set of people such that x Ry if x and y are people and x is older
than y. Show that R is not a partial ordering.

Exira Solution: Note that R is antisymmetric because if a person x is older than a person y, then y
Examples 85 is not older than x. That is, if xRy, then y R x. The relation R is transitive because if person x
is older than person y and vy is older than person z, then x is older than z. That is, if xRy
and yRz, then xR z. However, R is not reflexive, because no person is older than himself or
herself. That is, x R x for all people x. It follows that R is not a partial ordering. 4

In different posets different symbols such as <, €, and |, are used for a partial ordering.
However, we need a symbol that we can use when we discuss the ordering relation in an
arbitrary poset. Customarily, the notation a = b is used to denote that (@, b) € R in an arbitrary
poset (S, R). This notation is used because the “less than or equal to” relation on the set of real
numbers is the most familiar example of a partial ordering and the symbol = is similar to the <
symbol. (Note that the symbol = is used to denote the relation in any poset, not just the “less
than or equals” relation.) The notation @ < b denotes that @ < b, but a # b. Also, we say “a is
less than 6™ or “b is greater than a” if a < b.

When a and b are elements of the poset (S, <), it is not necessary that either a < b
or b < a. For instance, in (P(Z), ©), {1, 2} is not related to {1, 3}, and vice versa, because
neither set is contained within the other. Similarly, in (Z7, ), 2 is not related to 3 and 3 is not
related to 2, because 2 | 3 and 3 J 2. This leads to Definition 2.

DEFINITION 2 The elements a and b of a poset (S, =) are called comparable if eithera < borb < a. When
a and b are elements of § such that neithera < bnorb =< a, a and b are called incomparable.

EXAMPLE 5 Inthe poset (Z7, ), are the integers 3 and 9 comparable? Are 5 and 7 comparable?

Solution: The integers 3 and 9 are comparable, because 3 | 9. The integers 5 and 7 are incom-
parable, because 5 [ 7and 7 | 5. 4

The adjective “partial” is used to describe partial orderings because pairs of elements may
be incomparable. When every two elements in the set are comparable, the relation is called a
total ordering.

If (5, <) is a poset and every two elements of S are comparable, § is called a totally ordered
or linearly ordered set, and = is called a fotal order or a linear order. A totally ordered set
is also called a chain.

EXAMPLE 6 The poset (Z, <) is totally ordered, because @ < b or b < a whenever a and b are integers. <

EXAMPLE 7 The poset (Z+, | ) is not totally ordered because it contains elements that are incomparable, such
as5and 7. <

In Chapter 6 we noted that (Z*, <) is well-ordered, where < is the usual “less than or equal
to” relation. We now define well-ordered sets.

DEFINITION 4 (8, =) isawell-ordered set if it is a poset such that < is a total ordering and every nonempty
subset of § has a least element.

In this week, we learned what an equivalence relation & class are. Finally we explored the
partial & total ordering of a relation.






