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Essential Question:

What are the rules/strategies used when counting objects when they are sampled with or
without replacement?

Questions/Cues:

What is a binomial expression?

What is the Binomial Theorem?

What is Pascal's Identity?

What is Pascal's Triangle?

What are permutations with repetition?

What are permutations without repetition?

What are combinations with repetition?

What are combinations without repetition?

How do we distribute objects into boxes?

What is meant by distinguishable/indistinguishable?

As we remarked in Section 6.3, the number of r-combinations from a set with n elements is
often denoted by (':) This number is also called a binomial coefficient because these numbers
occur as coefficients in the expansion of powers of binomial expressions such as (a + b)". We
will discuss the binomial theorem, which gives a power of a binomial expression as a sum of
terms involving binomial coefficients. We will prove this theorem using a combinatorial proof.
We will also show how combinatorial proofs can be used to establish some of the many different
identities that express relationships among binomial coefficients.

The Binomial Theorem

The binomial theorem gives the coefficients of the expansion of powers of binomial expressions.
A binomial expression is simply the sum of two terms, such as x + y. (The terms can be products
of constants and variables, but that does not concern us here.)



EXAMPLE 1 The expansion of (x + y)* can be found using combinatorial reasoning instead of multiplying
the three terms out. When (x + y)* = (x + v)(x + ¥)(x + y) is expanded, all products of a
term in the first sum, a term in the second sum, and a term in the third sum are added. Terms of
the form x°. x%y, xy?, and y* arise. To obtain a term of the form x*, an x must be chosen in
each of the sums, and this can be done in only one way. Thus, the x? term in the product has
a coefficient of 1. To obtain a term of the form x?y, an x must be chosen in two of the three
sums (and consequently a y in the other sum). Hence, the number of such terms is the number
of 2-combinations of three objects, namely, (g] Similarly, the number of terms of the form xy?
is the number of ways to pick one of the three sums to obtain an x (and consequently take a y

from each of the other two sums). This can be done in {31) ways. Finally, the only way to obtain
a y* term is to choose the y for each of the three sums in the product, and this can be done in
exactly one way. Consequently, it follows that

(x+3) =@+ x+y)x+y)=(x+xy+yx+y)x+y)
= XXX+ xxy +Xyx +X¥y + ¥yxx + yxy + yyx + yyy
=¥ 3%y 4+ 307 4y L

THE BINOMIAL THEOREM Letx and y be variables, and let» be a nonnegative integer.
Then

- +}r)ﬂ _ Z (‘j)_rﬂ—j}lj — (;)In + (’;)xn—l}, dLosedl (n i l)xyﬂ_l + (:)}rﬂ_
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EXAMPLE 2 What is the expansion of (x + y)*?

Extra Solution: From the binomial theorem it follows that

Examples 4
(x +v)*= Z (j)x""j vl

i=0
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=x* 4+ 4x3y 4 622y L dxy? 4yt
EXAMPLE 3 What is the coefficient of x'2y!? in the expansion of (x + ¥)*°?

Solution: From the binomial theorem it follows that this coefficient is
25 25!
= ——— = 5,200,300.
(1 3) 13112! '
EXAMPLE 4 What is the coefficient of x'2y'* in the expansion of (2x — 3y)?

Solution: First, note that this expression equals (2x + (—=3))®. By the binomial theorem, we
have

. 25 25 . _
Qx+(=3y= =" ( ; )(2::)25 (=3yy.

i=0

Consequently, the coefficient of x!2y!? in the expansion is obtained when j = 13, namely,

25 25!
2|2 -3 13 _ 2123]3‘
(]3) =3 13112! <]

COROLLARY 1  Letn be a nonnegative integer. Then

)+

k=0



COROLLARY 2 Letn be a positive integer. Then

. kfmy _
k;](—n (k) = 0.

COROLLARY 3 Let n be a nonnegative integer. Then

1 M
Zz*( ) =35,
k=0 k

PASCAL’S IDENTITY Let n and k be positive integers with n > k. Then

() -620)+()

Pascal’s identity is the basis for a geometric arrangement of the binomial coefficients in a

triangle, as shown in Figure 1.
The nth row in the triangle consists of the binomial coefficients

This triangle is known as Pascal’s triangle. Pascal’s identity shows that when two adjacent
binomial coefficients in this triangle are added, the binomial coefficient in the next row between
these two coefficients is produced.
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FICURE 1 Pascal’s Triangle.

The number of r-permutations of a set of n objects with repetition allowed is n".
EXAMPLE 1 How many strings of length r can be formed from the uppercase letters of the English alphabet?

Solution: By the product rule, because there are 26 uppercase English letters, and because each

letter can be used repeatedly, we see that there are 26" strings of uppercase English letters of

length r. <
ThereareC{n +r — 1,r) = C(n+r — 1,n — 1} r-combinations from a set with n elements

when repetition of elements is allowed.



EXAMPLE 2

EXAMPLE 3

How many ways are there to select four pieces of fruit from a bowl containing apples, oranges,
and pears if the order in which the pieces are selected does not matter, only the type of fruit and

not the individual piece matters, and there are at least four pieces of each type of fruit in the
bowl?

Solution: To solve this problem we list all the ways possible to select the fruit. There are 15
ways:

4 apples 4 oranges 4 pears

3 apples, 1 orange 3 apples, 1 pear 3 oranges, 1 apple
3 oranges, 1 pear 3 pears, 1 apple 3 pears, 1 orange
2 apples, 2 oranges 2 apples, 2 pears 2 oranges, 2 pears

2 apples, 1 orange, 1 pear 2 oranges, 1 apple, 1 pear 2 pears, 1 apple, 1 orange

The solution is the number of 4-combinations with repetition allowed from a three-element set,
{apple, orange, pear}. <

How many ways are there to select five bills from a cash box containing $1 bills, $2 bills, $5
bills, $10 bills, $20 bills, $50 bills, and $100 bills? Assume that the order in which the bills are
chosen does not matter, that the bills of each denomination are indistinguishable, and that there
are at least five bills of each type.

Solution: Because the order in which the bills are selected does not matter and seven dif-
ferent types of bills can be selected as many as five times, this problem involves counting
S-combinations with repetition allowed from a set with seven elements. Listing all possibilities
would be tedious, because there are a large number of solutions. Instead, we will illustrate the
use of a technique for counting combinations with repetition allowed.

Suppose that a cash box has seven compartments, one to hold each type of bill, as illustrated
in Figure 1. These compartments are separated by six dividers, as shown in the picture. The
choice of five bills corresponds to placing five markers in the compartments holding different
types of bills. Figure 2 illustrates this correspondence for three different ways to select five bills,
where the six dividers are represented by bars and the five bills by stars.

The number of ways to select five bills corresponds to the number of ways o arrange six
bars and five stars in a row with a total of 11 positions. Consequently, the number of ways to
select the five bills is the number of ways to select the positions of the five stars from the 11
positions. This corresponds to the number of unordered selections of 5 objects from a set of 11

3100 £50 $20 510 35 £2 51

FIGURE 1T Cash Box with Seven Types of Bills.
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FICURE 2 Examples of Ways to Select Five Bills.
objects, which can be done in C (11, 5) ways. Consequently, there are
C(l11,5) = 16l = 462
4

ways to choose five bills from the cash box with seven types of bills.

EXAMPLE 4 Suppose that a cookie shop has four different kinds of cookies. How many different ways can
Extra == six cookies be chosen? Assume that only the type of cookie, and not the individual cookies or
< the order in which they are chosen, matters.

Examples
Solution: The number of ways to choose six cookies is the number of 6-combinations of a set

with four elements. From Theorem 2 this equals C{4 4+ 6 — 1,6) = C(9, 6). Because

9.8.7

CO.6=CON=1—"5=8,

there are 84 different ways to choose the six cookies.



EXAMPLE 5 How many solutions does the equation
XL+ xz=11

have, where x,, x;, and x5 are nonnegative integers?

Solution: To count the number of solutions, we note that a solution corresponds to a way of
selecting 11 items from a set with three elements so that x, items of type one, x, items of type
two, and x3 items of type three are chosen. Hence, the number of solutions is equal to the number
of 11-combinations with repetition allowed from a set with three elements. From Theorem 2 it
follows that there are

C(3+]]—1,11)=C(13,11]=C(]3.2)=%=?8

solutions.

The number of solutions of this equation can also be found when the variables are subject
to constraints. For instance, we can find the number of solutions where the variables are inte-
gers with x; = 1, x, = 2, and x3 > 3. A solution to the equation subject to these constraints
corresponds to a selection of 11 items with x; items of type one, x; items of type two, and x5
items of type three, where, in addition, there is at least one item of type one, two items of type
two, and three items of type three. So, a solution corresponds to a choice of one item of type
one, two of type two, and three of type three, together with a choice of five additional items of
any type. By Theorem 2 this can be done in

T-6
CB+5-1.5=C(1.5=C12)=7-=2I
ways. Thus, there are 21 solutions of the equation subject to the given constraints. -4
TABLE 1 Combinations and Permutations With
and Without Repetition.
Type Repetition Allowed? Formula
. n!
r-permutations No R
in—r)!
o n!
r-combinations No S E—
rlin—r)!
r-permutations Yes n"
— 1
r-combinations Yes u
rlin—1)

The number of different permutations of » objects, where there are n; indistinguishable
objects of type 1, n> indistinguishable objects of type 2, . . ., and ny indistinguishable objects

of type k, is

n!

nilna!- - mgl’



EXAMPLE7 How many different strings can be made by reordering the letters of the word SUCCESS?

Exira Solution: Because some of the letters of SUCC E§S are the same, the answer is nof given by the
Examples @i number of permutations of seven letters. This word contains three Ss, two Cs, one U, and one E.
To determine the number of different strings that can be made by reordering the letters, first note
that the three §scan be placed among the seven positions in C(7, 3) different ways, leaving four

positions free. Then the two Cs can be placed in C(4, 2) ways, leaving two free positions. The U/
can be placed in C(2, 1) ways, leaving just one position free. Hence E can be placed in C(1, 1)
way. Consequently, from the product rule, the number of different strings that can be made is

o4 2u
COIHCHDCRNCA D) = g e o o
7
BEEETT

=420. 4

Distributing Objects into Boxes

Many counting problems can be solved by enumerating the ways objects can be placed into boxes
(where the order these objects are placed into the boxes does not matter). The objects can be
either distinguishable, that is, different from each other, or indistinguishable, that is, considered
identical. Distinguishable objects are sometimes said to be labeled, whereas indistinguishable
objects are said to be unlabeled. Similarly, boxes can be distinguishable, that is, different,
or indinguishable, that is, identical. Distinguishable boxes are often said to be labeled, while
indistinguishable boxes are said to be unlabeled. When you solve a counting problem using
the model of distributing objects into boxes, you need to determine whether the objects are
distinguishable and whether the boxes are distinguishable. Although the context of the counting
problem makes these two decisions clear. counting problems are sometimes ambiguous and it
may be unclear which model applies. In such a case it is best to state whatever assumptions you
are making and explain why the particular model you choose conforms to your assumptions.

The number of ways to distribute n distinguishable objects into & distinguishable boxes so
that n; objects are placed into box i.:i =1, 2, .... k. equals

n!

H|!H2!"'Hi-r

DISTINGUISHABLE OBJECTS AND DISTINGUISHABLE BOXES We first consider the
case when distinguishable objects are placed into distinguishable boxes. Consider Example 8
in which the objects are cards and the boxes are hands of players.

EXAMPLES How many ways are there to distribute hands of 5 cards to each of four players from the standard
deck of 52 cards?

Solution: We will use the product rule to solve this problem. To begin, note that the first player
can be dealt 5 cards in C(52, 5) ways. The second player can be dealt 5 cards in C (47, 5) ways,
because only 47 cards are left. The third player can be dealt 5 cards in C(42, 5) ways. Finally,
the fourth player can be dealt 5 cards in C(37, 5) ways. Hence, the total number of ways to deal
four players 5 cards each is

521 471 421 37
7151 42151 37151 3215

52

T 51515151321 «

C(52,5)C(47,5)C(42,5)C(37.5) = £

Remark: The solution to Example 8 equals the number of permutations of 52 objects, with 5 in-
distinguishable objects of each of four different types, and 32 objects of a fifth type. This equality
can be seen by defining a one-to-one correspondence between permutations of this type and dis-
tributions of cards to the players. To define this correspondence, first order the cards from 1 to 52.
Then cards dealt to the first player correspond to the cards in the positions assigned to objects of
the first type in the permutation. Similarly, cards dealt to the second, third, and fourth players, re-
spectively, correspond to cards in the positions assigned to objects of the second. third, and fourth
type, respectively. The cards not dealt to any player correspond to cards in the positions assigned
to objects of the fifth type. The reader should verify that this is a one-to-one correspondence.



INDISTINGUISHABLE OBJECTS AND DISTINGUISHABLE BOXES Counting the
number of ways of placing » indistinguishable objects into k distinguishable boxes turns out to
be the same as counting the number of n-combinations for a set with &k elements when repeti-
tions are allowed. The reason behind this is that there is a one-to-one correspondence between

n-combinations from a set with k elements when repetition is allowed and the ways to place
n indistinguishable balls into & distinguishable boxes. To set up this correspondence, we put a
ball in the ith bin each time the ith element of the set is included in the n-combination.

EXAMPLE 9 How many ways are there to place 10 indistinguishable balls into eight distinguishable bins?
Solution: The number of ways to place 10 indistinguishable balls into eight bins equals the num-

ber of 10-combinations from a set with eight elements when repetition is allowed. Consequently,
there are

17!
= 19,448,
o7 <

CR+10—1,10) = C(17, 10) =

This means that there are C(n +r — |,n — 1) ways to place r indistinguishable objects
into n distinguishable boxes.

In this week, we learned about distinguishable & indistinguishable objects/boxes and the
different permutation/combination formulas to apply in various such scenarios.



