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Essential Question:

What is propositional logic and how can we make propositions and/or complex propositions?

Questions/Cues:

What is propositional logic?

What is a proposition?

What a propositional variable?

What is a truth value?

What are compound propositions?

What is negation in terms of proposition?

What are connectives?

What is conjunction in terms of proposition?
What is disjunction in terms of proposition?
What is exclusive-or in terms of proposition?
What is the implication in terms of proposition?
What is the biconditional in terms of proposition?
What is the precedence of logical operations in terms of propositions?
What is a bit and bit operations?

What is a bit string?

What is bitwise AND, OR & XOR?

Proposition = declarative sentence (that is, sentence that declares a fact) that is either
true or false not both
o "Washington DC, is the capital of the USA"
Propositional variables (statement variables) = variables that represent propositions
o conventional letters used for propositional variables, p, g, 1, s...
Truth value = in terms of a proposition is true, denoted by T if it's a true proposition &
truth value of proposition is false, denoted by F if it's a false proposition.
Propositional logic (Propositional calculus) = area of logic that deals with propositions
o first developed systematically by Aristotle more than 2300 years ago
Compound propositions = constructed by combining one or more propositions;
formed from existing propositions using logical operators



Let p be a proposition. The negation of p,denoted by —p (also denoted by p), is the statement

“It is not the case that p.”

The proposition —p is read “not p.” The truth value of the negation of p, —p, is the opposite
of the truth value of p.

EXAMPLE 4  Find the negation of the proposition

“Vandana's smartphone has at least 32GB of memory”

and express this in simple English.

Solution: The negation is

“It is not the case that Vandana's smartphone has at least 32GB of memory.”
This negation can also be expressed as

“Vandana's smartphone does not have at least 32GB of memory”

or even more simply as

“Vandana's smartphone has less than 32GB of memory.”

TABLE 1 The
Truth Table for
the Negation of a
Proposition.

P -p

T F
F T

e Connectives = logical operators that used to form new propositions from two or more
existing propositions

Let p and g be propositions. The conjunction of p and g, denoted by p A g, is the proposition
“p and ¢g.” The conjunction p A g is true when both p and ¢ are true and is false otherwise.

Note that in logic the word “but” sometimes is used instead of “and” in a conjunction. For
example, the statement “The sun is shining, but it is raining” is another way of saying “The sun
is shining and it is raining.” (In natural language, there is a subtle difference in meaning between
“and” and “but”; we will not be concerned with this nuance here.)

Find the conjunction of the propositions p and ¢ where p is the proposition “Rebecca’s PC has
more than 16 GB free hard disk space” and ¢ is the proposition “The processor in Rebecca’s
PC runs faster than 1 GHz.”

Solution: The conjunction of these propositions, p A g, is the proposition “Rebecca’s PC has
more than 16 GB free hard disk space, and the processor in Rebecca’s PC runs faster than 1
GHz.” This conjunction can be expressed more simply as “Rebecca’s PC has more than 16 GB
free hard disk space, and its processor runs faster than 1 GHz.” For this conjunction to be true,
both conditions given must be true. It is false, when one or both of these conditions are false. <



TABLE 2 The Truth Table for
the Conjunction of Two
Propositions.

P q pAqg

T T T

T F F

F T F

F F F

Let p and g be propositions. The disjunction of p and g, denoted by p Vv g, is the proposition
“p or q.” The disjunction p Vv g is false when both p and g are false and is true otherwise.

TAELE 3 The Truth Table for
the Disjunction of Two
Propositions.

P q pvq

T T T

T F T

F T T

F F F

What is the disjunction of the propositions p and ¢ where p and ¢ are the same propositions as
in Example 57

Solution: The disjunction of p and ¢, p Vv ¢, is the proposition

“Rebecca’s PC has at least 16 GB free hard disk space, or the processor in Rebecca’s PC
runs faster than 1 GHz."

This proposition is true when Rebecca’s PC has at least 16 GB free hard disk space, when the
PC'’s processor runs faster than 1 GHz, and when both conditions are true. It is false when both
of these conditions are false, that is, when Rebecca’s PC has less than 16 GB free hard disk
space and the processor in her PC runs at 1 GHz or slower. 4

As was previously remarked, the use of the connective or in a disjunction corresponds
to one of the two ways the word or is used in English, namely, in an inclusive way. Thus, a
disjunction is true when at least one of the two propositions in it is true. Sometimes, we use or
in an exclusive sense. When the exclusive or is used to connect the propositions p and ¢, the
proposition “ p or g (but not both) " is obtained. This proposition is true when p is true and g is
false, and when p is false and ¢ is true. It is false when both p and ¢ are false and when both
are true.

Let p and g be propositions. The exclusive or of p and g, denoted by p & g, is the proposition
that is true when exactly one of p and g is true and is false otherwise.



TABLE 4 The Truth Table for
the Exclusive Or of Two
Propositions.

P q peqg

T T F

T F T

F T T

F F F

Let p and g be propositions. The conditional statement p — ¢ is the proposition “if p, then
¢g.” The conditional statement p — ¢ is false when p is true and ¢ is false, and true otherwise.
In the conditional statement p — ¢, p is called the hypothesis (or antecedent or premise)
and g is called the conclusion (or consequence).

TABLE 5 The Truth Table for
the Conditional Statement
P—q.

P q P—4q

T T T

T F F

F T T

F F T

e Statement [ —F { called a conditional statement because [P —+ {f asserts that q is
true on the condition that p holds. Conditional statement also called an implication
o P —+ {j true when both p & g true and when p is false (no matter what truth
value g has)

variety of terminology is used to express p — g. You will encounter most if not all of the
following ways to express this conditional statement:

“if p, then ¢” “p implies ¢~

“if p,g" “ponlyifg”

“p is sufficient for ¢" “a sufficient condition for ¢ is p”
‘g if p” “q whenever p”

“q when p” “q is necessary for p”

“a necessary condition for p is ¢” “q follows from p”

“g unless —p”

What is the value of the variable x after the statement
if2+2=4thenx :=x+1

if x = 0 before this statement is encountered? (The symbol := stands for assignment. The
statement x := x + | means the assignment of the value of x + 1 to x.)

Solution: Because 2 4 2 = 4 is true, the assignment statement x := x + 1 is executed. Hence,
x has the value 0 + 1 = 1 after this statement is encountered. <



CONVERSE, CONTRAPOSITIVE, AND INVERSE We can form some new conditional
statements starting with a conditional statement p — g. In particular, there are three related
conditional statements that occur so often that they have special names. The proposition g — p
is called the converse of p — g. The contrapositive of p — ¢ is the proposition —g — —p.
The proposition —p — —g is called the inverse of p — g. We will see that of these three
conditional statements formed from p — g, only the contrapositive always has the same truth
value as p — q.
We first show that the contrapositive, —g — —p, of a conditional statement p — ¢ always
has the same truth value as p — g. To see this, note that the contrapositive is false only when
—p is false and —gq is true, that is, only when p is true and ¢ is false. We now show that neither
the converse, ¢ — p, nar the inverse, =p — —g, has the same truth value as p — ¢ for all
possible truth values of p and g. Note that when p is true and g is false, the original conditional
statement is false, but the converse and the inverse are both true.
Remember that the ) .
contrapositive, but nefther When two compound propositions always have the same truth value we call them equiv-
the converse or inverse, of  alent, so that a conditional statement and its contrapositive are equivalent. The converse and
a conditional statement is the inverse of a conditional statement are also equivalent, as the reader can verify, but neither is
equivalent to it equivalent to the original conditional statement. (We will study equivalent propositions in Sec-
tion 1.3.) Take note that one of the most common logical errors is to assume that the converse
or the inverse of a conditional statement is equivalent to this conditional statement.

What are the contrapositive, the converse, and the inverse of the conditional statement

“The home team wins whenever it is raining?”

Solution: Because “g whenever p” is one of the ways to express the conditional statement
p — q, the original statement can be rewritten as

“If it is raining, then the home team wins.”
Consequently, the contrapositive of this conditional statement is
“If the home team does not win, then it is not raining.”
The converse is
“If the home team wins, then it is raining.”
The inverse is
“If it is not raining, then the home team does not win.”

Only the contrapositive is equivalent to the original statement. <

e Biconditionals = way to combine propositions that expresses that two propositions
have the same truth value

Let p and g be propositions. The biconditional statement p <> g is the proposition “p if
and only if ¢.” The biconditional statement p <+ ¢ is true when pand g have the same truth
values, and is false otherwise. Biconditional statements are also called bi-implications.

o P4+ {f true when both conditional statements » —+ ¢ & (§j —# [ are true and
is false otherwise

o we use the words "if and only if" and abbreviation "iff" to express this logical
connective and why it's symbolically written by combining symbols —

o Note that P 4 { has exactly same truth value as [p — q}f&{q — p]

Other ways to express [} =+
" p is necessary and sufficient for g~
“if p then g, and conversely”
“piffq.”



TABLE 6 The Truth Table for the
Biconditional p < g.

P q P=q
T T T
T F F
F T F
F F T

Let p be the statement “You can take the flight,” and let g be the statement “You buy a ticket.”
Then p < g is the statement

“You can take the flight if and only if you buy a ticket.”

This statement is true if p and g are either both true or both false, that is, if you buy a ticket and
can take the flight or if you do not buy a ticket and you cannot take the flight. It is false when
p and g have opposite truth values, that is, when you do not buy a ticket, but you can take the
flight (such as when you get a free trip) and when you buy a ticket but you cannot take the flight
(such as when the airline bumps you). <
IMPLICIT USE OF BICONDITIONALS You should be aware that biconditionals are not
always explicit in natural language. In particular, the “if and only if” construction used in
biconditionals is rarely used in common language. Instead, biconditionals are often expressed
using an “if, then” or an “only if " construction. The other part of the “if and only if” is implicit.
That is, the converse is implied, but not stated. For example, consider the statement in English
“If you finish your meal, then you can have dessert.” What is really meant is “You can have
dessert if and only if you finish your meal.” This last statement is logically equivalent to the
two statements “If you finish your meal, then you can have dessert” and “You can have dessert
only if you finish your meal.” Because of this imprecision in natural language, we need to
make an assumption whether a conditional statement in natural language implicitly includes its
converse. Because precision is essential in mathematics and in logic, we will always distinguish
between the conditional statement p — ¢ and the biconditional statement p < q.

Construct the truth table of the compound proposition
(pVv—q)—= (pAg).

Solution: Because this truth table involves two propositional variables p and g, there are four
rows in this truth table, one for each of the pairs of truth values TT, TF, FT, and FF. The first
two columns are used for the truth values of p and g, respectively. In the third column we find
the truth value of —g, needed to find the truth value of p v —g, found in the fourth column. The
fifth column gives the truth value of p A g. Finally, the truth value of (p v =g) — (p A q) is
found in the last column. The resulting truth table is shown in Table 7. <4

TABLE 7 The Truth Table of (p v =gq) = (p A q).

P q —q pPv=q pPAq (pVv=q)=(pArg)
T T F T T T

T F T T F F

F T F F F T

F F T T F F




TABLE 8

Precedence of

Logical Operators.
Operator | Precedence
= 1
A 2
v 3
— 1
< 5

e Bit = symbol with two values, 0 and 1

comp rep info using bits

comes from binary digit, because Os and 1s used in binary reps of numbers

can be used to rep a truth value

1 reps T(true) and O reps F (False)

Variable is called a Boolean variable if its value is either true or false, can be

rep'ed using bit

o Comp bit operation correspond to logical connectives, replace /., %/, with
notation AND, OR & XOR in various comp langs

O O 0O OO

Truth Value | Bit

T 1
F 0

TAELE 9 Table for the Bit Operators OR,
AND. and XOR.

X ¥ xXrvy XAy xéy
0 0 0 0 0
0 ] 1 0 1
1 0 1 0 1
1 ] 1 1 0

A bit string is a sequence of zero or more bits. The Jength of this string is the number of bits
in the string.

101010011 is a bit string of length nine. <

We can extend bit operations to bit strings. We define the bitwise OR, bitwise AND, and
bitwise XOR of two strings of the same length to be the strings that have as their bits the OF,
AND, and XOR of the corresponding bits in the two strings, respectively. We use the symbols
v, A, and & to represent the bitwise OF, bitwise AND, and bitwise XOR operations, respectively.



Find the bitwise OK, bitwise AND, and bitwise XOR of the bit strings 01 10110110 and
110001 1101. (Here, and throughout this book, bit strings will be split into blocks of four
bits to make them easier to read.)

Solution: The bitwise OF, bitwise AND, and bitwise XOR of these strings are obtained by taking
the OR, AND, and XOR of the corresponding bits, respectively. This gives us

0110110110
11 0001 1101

111011 1111 bitwise OF
01 0001 0100  bitwise AND
10 1010 1011 bitwise XOR <

In this week, we learned what propositional logic and a proposition is. Alongside this we
looked the various operations to perform on propositions, their application in computer
science.



