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Essential Question:

What is Boolean Algebra and functions?

Questions/Cues:

What is Boolean Algebra?

What is a Boolean Expression?

What are the Boolean Identities?

What is the dual of a Boolean expression and/or the principle of duality?
What is a Boolean Algebra?

What is a literal?

What is minterm?

What does a sum of products expansion look like?

Boolean algebra provides the operations and the rules for working with the set {0, 1}. Electronic
and optical switches can be studied using this set and the rules of Boolean algebra. The three
operations in Boolean algebra that we will use most are complementation, the Boolean sum, and
the Boolean product. The complement of an element, denoted with a bar, is defined by 0 = 1
and 1 = 0. The Boolean sum, denoted by + or by OR, has the following values:

1+1=1, 1+0=1, 0+1=1, 0+0=0.
The Boolean product, denoted by - or by AND, has the following values:

1.1=1, 1-0=0, 0-1=0, 0-0=0.

The complement, Boolean sum, and Boolean product correspond to the logical operators,
=, Vv, and A, respectively, where 0 corresponds to F (false) and 1 corresponds to T (true). Equal-
ities in Boolean algebra can be directly translated into equivalences of compound propositions.
Conversely, equivalences of compound propositions can be translated into equalities in Boolean
algebra.



Boolean Expressions and Boolean Functions

Let B = {0, 1}. Then B" = {(x1, x2, . ..

,xy) | x; € B for 1 <i = n} is the set of all possible

n-tuples of Os and 1s. The variable x is called a Boolean variable if it assumes values only
from B, that is, if its only possible values are 0 and 1. A function from B” to B is called a

Boolean function

EXAMPLE 4

TABLE 1

x| ¥y | Flx.p
1 1 0

1 0 1
0|1 0
0|0 0

of degree n.

The function F(x, y) = x¥ from the set of ordered pairs of Boolean variables to the set {0, 1} is
a Boolean function of degree 2 with F(1,1) =0, F(1,00 =1, F(0,1) =0, and F(0,0) = l]
We display these values of F in Table 1.

Boolean functions can be represented using expressions made up from variables and Boolean

operations. The Boolean expressions in the variables x;, xz. . .., x, are defined recursively as
0,1,x1,xz,...,x, are Boolean expressions;
if E1 and E3 are Boolean expressions, then E1, (E1E3), and (E; + E32) are Boolean ex-
pressions.

Each Boolean expression represents a Boolean function. The values of this function are obtained
by substituting 0 and 1 for the variables in the expression. In Section 12.2 we will show that
every Boolean function can be represented by a Boolean expression.

Find the values of the Boolean function represented by F(x, y, z) = xy +Z.

Solution: The values of this function are displayed in Table 2.

TABLE 2
x ¥ z xy z Fix,y,2)=xy+7
1 1 1 1 0 1
1 1 0 1 1 1
1 0 1 0 0 0
1 0 0 0 1 1
0 1 1 0 0 0
0 1 0 0 1 1
0 0 1 0 0 0
0 0 0 0 1 1




TABLE 5 Boolean ldentities.

Identity Name

X=x Law of the double complement
r+x=x ldempotent laws
X-Xx=Xx

x+0=x Identity laws
x-1l=x

x+1=1 Domination laws
x-0=0

x+y=y+x Commutative laws
Xy =yx

x+{y+z)i=i{x+y)+z Associative laws

x(yz) = (xy)z

x+yz={x+ylx+z) Distributive laws
x(y+z)=xy+xz

(xy)=T+7 De Morgan's laws

(x+yl=x7y

Xx+arxy=x Absorption laws

x4+ y¥)=x

x+x=1 Unit property

xx =10 Zero property

TAELE 6 Verifying One of the Distributive Laws.

X ¥ -4 ¥+z xy Xz x(y+1) Xy4xzI
1 | 1 1 1 1 1 1
1 | 1] 1 1 0 1 1
1 1] 1 1 1] 1 1 1
1 1] 1] 0 1] 0 0 1]
1] | 1 1 1] 0 0 1]
1] | 1] 1 1] 0 0 1]
1] 1] 1 1 1] 0 0 1]
1] 1] 1] 0 1] 0 0 1]

Prove the absorption law x(x + y) = x using the other identities of Boolean algebra shown in
Table 5. (This is called an absorption law because absorbing x + y into x leaves x unchanged.)

Solution: We display steps used to derive this identity and the law used in each step:

x(x+¥)=(x+0){x 4+ y) Identity law for the Boolean sum

=x+0-¥ Distributive law of the Boolean sum over the
Boolean product

=x+y-0 Commutative law for the Boolean product

=x4+0 Domination law for the Boolean product

=x [dentity law for the Boolean sum.



To explain the relationship between the two identities in each pair we use
the concept of a dual. The dual of a Boolean expression is obtained by interchanging Boolean
sums and Boolean products and Interchanging Os and 1s.

Find the duals of x(y + 0)and¥- 14+ (¥ + 2).

Solution: Interchanging - signs and + signs and interchanging Os and 1s in these expressions
produces their duals. The duals are x + (v - 1) and (¥ + 0)(¥z), respectively. <

The dual of a Boolean function F represented by a Boolean expression is the functlon
represented by the dual of this expression. This dual function, denoted by F¥, does not depend on
the particular Boolean expression used to represent F'. An identity between functions represented
by Boolean expressions remains valid when the duals of both sides of the identity are taken.
(See Exercise 30 for the reason why this is true.) This result, called the duality principle, is
useful for obtaining new identities.

A Boolean algebra is a set B with two binary operations v and A, elements 0 and 1, and a
unary operation — such that these properties hold for all x, y, and z in B:

avil=x
Identity laws
anl=x :
avxz=1 .
— Complement laws
xax=10

W VI=xwv Wz
(xVvy)vz=xV(y 4}} Associative laws

xAay)Aaz=xA(yArz)

Commutative laws

xVMy=ywvx
XAY=YAX

Distributive laws

xviyazl=@xvy)alxvz)
xA(yvI)=(@xAy)V(x AL

EXAMPLE1 Find Boolean expressions that represent the functions F(x, y, z) and G(x, y, z). which are given
in Table 1.

Solution: An expression that has the value 1 when x = z = 1 and y = 0, and the value 0 other-
wise, 1s needed to represent F. Such an expression can be formed by taking the Boolean product
TABLE 1 of x,y, and z. This product, x¥z, has the value 1 if and only if x =¥ = z = 1, which holds if
andonlyifx =z =1and y = 0.

To represent G, we need an expression that equals 1 whenx = y =landz = 0,0rx =z =
0 and y = 1. We can form an expression with these values by taking the Boolean sum of two
different Boolean products. The Boolean product xyZ has the value 1 ifand only if x = y = 1
and z = 0. Similarly, the product XyZ has the value 1 if and only if x = z = 0 and y = 1. The
Boolean sum of these two products, xyZ + XyZ, represents G, because it has the value 1 if and
onlyifxr=y=1landz=00orx=z=0andy=1. 4
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Example 1 illustrates a procedure for constructing a Boolean expression representing a
function with given values. Each combination of values of the variables for which the function
has the value 1 leads to a Boolean product of the variables or their complements.

=T = =T =T
(= =R I = e
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coocoo=o|0

A literal is a Boolean varlable or its complement. A minterm of the Boolean variables
X1, X2, ..., xp Is a Boolean product yyyz - - - ya, Where y; = x; or y; = x;. Hence, a minterm
is a product of n lterals, with one literal for each variable.

A minterm has the value 1 for one and only one combination of values of its variables. More
precisely, the minterm yyvp ... ¥, is 1 if and only if each y; is 1, and this occurs if and only
if x; = 1 when y; = x; and x; = 0 when y; = ;.



Find the sum-of-products expansion for the function F(x, y, z) = (x + y)z.

Solution: We will find the sum-of-products expansion of F(x, y, z) In two ways. First, we will
use Boolean identities to expand the product and simplify. We find that

Fix.v.2)=(x+ ¥z
=xz+ vz Distributive law
=xlz4+ 1yz Identity law
=x(y+¥z+ (x+x)T Unit property
=xyT +x¥ I +xyZ +Xyz Distributive law
=xyvi+axyz+xyz Idempotent law

Second, we can construct the sum-of-products expansion by determining the values of F for
all possible values of the variables x, y, and z. These values are found in Table 2. The sum-of-
products expansion of F is the Boolean sum of three minterms corresponding to the three rows
of this table that give the value 1 for the function. This gives

Fx,y,z) =xyz 4+ xyT4+3)I. <
TABLE 2
x y z x+y z (x+y)z
1 1 1 1 0 0
1 1 0 1 1 1
1 0 1 1 0 0
1 0 0 1 1 1
0 1 1 1 0 0
0 1 0 1 1 1
0 0 1 0 0 0
0 0 0 0 1 0

In this week, we learned about Boolean Algebra, Boolean expressions/functions, Boolean
Identities and Boolean sum of products expansion.



