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1 Propositional Logic

Learning Outcomes

X Define propositional logic and learn some of its properties

X Give some examples of domains where propositional logic is used

X Defining a proposition in mathematical context and distinguish examples of sentences con-

sidered as propositions and other that are not propositions

X Learn how propositional variables help to simplify notations

X Learn how we can build a truth table and give an example of how it works

X Practice how to build compound statements using logical operators and take into consider-

ation the order of precedence of the operators

X Define truth sets and learn some examples of truth sets for some compound propositions

X Define what is an implication and equivalence, what are their properties and build their

truth table

X Learn some important laws of propositional logic including De Morgan’s laws, and practice

their use in building a reasoning, and proving equivalence

1.1 Connectives

A proposition is a declarative sentence that is either true or false, but not both. We use proposi-

tional or sentential variables such as p, q, r, s . . . to represent propositions. The truth value of a

proposition is denoted by T or F. The simplest form of a proposition is an atomic proposition.

Propositions can be placed in relation to one another using connectives.

1.1.1 Negation

Let p be a proposition. The negation of p is stated as

¬p

and proposes that “It is not the case that p”.

The proposition ¬p is read “not p”. The truth value of the negation of p,¬p, is the opposite of the

truth value of p.

1.1.2 Conjunction

Let p and q be propositions. The conjunction of p and q, is denoted as

p ∧ q
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and proposes that “p and q”.

The conjunction p ∧ q is true when both p and q are true and is false otherwise.

1.1.3 Disjunction

Let p and q be propositions. The disjunction of p and q, denoted as

p ∨ q

is the statement “p or q”.

The disjunction p∨q is false when both p and q are false and is true otherwise. This is an inclusive

or, which means that the disjunction is true if at least one of the propositions is true, or both are true.

1.1.4 Conditional Statements & Implication

Let p and q be propositions. The conditional statement

p→ q

is the proposition “if p, then q.” The conditional statement p→ q is false when p is true and q is false,

and true otherwise. In the implication p → q, p is the hypothesis (or antecedent or premise) and q is

called the conclusion (or consequence).

The implication does not express causality in discrete mathematics. It only covers the truth value

of the statement. It can also be read as:

1. “p is sufficient for q ”

2. “a necessary condition for q is p ”

3. “q unless ¬p ”

4. “q whenever p ”

1.1.5 Exclusive Or

Let p and q be propositions. The exclusive or of p and q, denoted as

p⊕ q

is the statement “either p or q, but not both”.

The exclusive or p ⊕ q is true when exactly one of p and q is true and false otherwise. In other

words, p and q may never have the same truth value.
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1.1.6 Biconditional

Let p and q be propositions. The biconditional statement

p↔ q

is the proposition “p if and only if q”.

The biconditional statement p ↔ q is true when p and q have the same truth values, and is false

otherwise.

1.2 Truth Tables

A truth table evaluates the truth values for propositions and connectives systematically. When given

a compound proposition, a truth table can be used to evaluate the atomic propositions step-by-step

and arrive at the correct truth value for the compound proposition.

Table 1. Truth table for basic connectives

p q p ∧ q p ∨ q p⊕ q p→ q p↔ q

T T T T F T T

T F F T T F F

F T F T T T F

F F F F F T T

Truth values can also be denoted using binary bits, i.e. T is 1 and F is 0. When constructing a

truth table, the number of rows is 2n where n is the number of propositions involved. So compound

proposition involving 3 atomic propositions p, q, r has 23 = 8 rows. Further, The the first column

(e.g. p) is constructed with all true values for the first half, and false values for the second half, the

second (q) is true for the first 2 rows and false for next two rows, and the third is true for the first row

and false for the second row of the table, and then this pattern repeats down the table for p, q and r.

The universal and existential quantifications ∀ and ∃ are described in subsection 2.1.

1.3 Precedence of Logical Operators

Logical operators have an order of precedence as follows.

∀ ∃ ¬ ∧ ∨ → ↔

1.4 Propositional Equivalences

1. Tautology: A compound proposition that is always true, no matter the truth values of the

individual propositions
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2. Contradiction: A compound proposition that is always false, no matter the truth values of the

individual propositions. This is called inconsistent.

3. Contingency: A compound proposition that is true for at least one scenario of truth values.

This is called consistent. All tautologies are consistent by definition.

1.5 Logical Equivalence

Compound propositions that have the same truth value in all possible cases are called logically

equivalent. In other words, if p↔ q is a tautology, then p ≡ q.

Logical equivalence can be proved using truth tables.

1.6 De Morgan’s Laws

¬(p ∧ q) ≡ ¬p ∨ ¬q (De Morgan’s First Law)

¬(p ∨ q) ≡ ¬p ∧ ¬q (De Morgan’s Second Law)

1.7 Special equivalences

1.7.1 Conjunction-Disjunction

The conditional-disjunction equivalence allows us to replace conditional statements with disjunc-

tions. This is especially useful to convert a conditional to a form that can then be transformed using

De Morgan’s laws.

p→ q ≡ ¬p ∨ q

1.7.2 Contrapositive

The contrapositive of a conditional statement is equivalent to the original conditional statement and

is defined as follows.

p→ q ≡ ¬q → ¬p
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1.8 Summary of Logical Equivalences

Table 2. Summary of Equivalence Laws

Name Equivalence

Identity Laws p ∧T ≡ p

p ∨ F ≡ p

Domination Laws p ∨T ≡ T

p ∧ F ≡ F

Idempotent Laws p ∨ p ≡ p

p ∧ p ≡ p

Double Negation Law ¬(¬p) ≡ p

Commutative Laws p ∨ q ≡ q ∨ p

p ∧ q ≡ q ∧ p

Associative Laws (p ∨ q) ∨ r ≡ p ∨ (q ∨ r)

(p ∧ q) ∧ r ≡ p ∧ (q ∧ r)

Distributive Laws p ∨ (q ∧ r) ≡ (p ∨ q) ∧ (p ∨ r)

p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r)

De Morgan’s Laws ¬(p ∧ q) ≡ ¬p ∨ ¬q

¬(p ∨ q) ≡ ¬p ∧ ¬q

Absorption Laws p ∨ (p ∧ q) ≡ p

p ∧ (p ∨ q) ≡ p

Negation Laws p ∨ ¬p ≡ T

p ∧ ¬p ≡ F
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1.8.1 Logical Equivalences Involving Conditional Statements

p→ q ≡ ¬p ∨ q

p→ q ≡ ¬q → ¬p

p ∨ q ≡ ¬p→ q

p ∧ q ≡ ¬(p→ ¬q)

¬(p→ q) ≡ p ∧ ¬q

(p→ q) ∧ (p→ r) ≡ p→ (q ∧ r)

(p→ q) ∧ (q → r) ≡ (p ∨ q)→ r

(p→ q) ∨ (p→ r) ≡ p→ (q ∨ r)

(p→ r) ∨ (q → r) ≡ (p ∧ q)→ r

(p ∨ ¬r)→ (¬q ∧ r)

1.8.2 Logical Equivalences Involving Biconditional Statements

p↔ q ≡ (p→ q) ∧ (q → p)

p↔ q ≡ ¬p↔ ¬q

p↔ q ≡ (p ∧ q) ∨ (¬p ∧ ¬q)

¬(p↔ q) ≡ p↔ ¬q

2 Predicate Logic

The predicate of a statement is the property assigned to a specific variable. In the statement “x

is greater than 3”, x is the variable and “is greater than 3” is the predicate. This statement can

be noted as the propositional function P (x) Predicate statements that describe valid input are

preconditions, and statements describing valid output are postconditions.

2.1 Quantifiers

Quantification expresses to which extent a propositional function P (x) is true over a range of elements.

2.1.1 Universal Quantification

The universal quantification is stated as

∀xP (x)

and states “P (x) for all values of x in the domain”.
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2.1.2 Existential Quantification

The existential quantification is stated as

∃xP (x)

and states “There exists an element x in the domain such that P (x)”.

The truth values of universal and existential quantifications are shown in Table 3.

2.1.3 Uniqueness Quantification

The uniqueness quantifier is stated as

∃!xP (x)

and states “There exists one and only one element x in the domain such that P (x) ”

Table 3. Truth values of quantifiers

Statement When true? When false?

∀xP (x) P (x) is true for every x. P (x) is false for at least one x.

∃xP (x) There exists at least an x such that

P (x).

P (x) is false for all x.

2.1.4 De Morgan’s Laws for Quantifiers

The negation of a universal quantification of a statement P (x) is equivalent to an existential quanti-

fication of the negation of P (x). Likewise, the negation of an existential quantification of a statement

P (x) is equivalent to the universal quantification of the negation of P (x).

¬∀xP (x) ≡ ∃x¬P (x)

¬∃xQ(x) ≡ ∀x¬Q(x)

2.2 Rules of Inference

An argument in propositional logic is a sequence of propositions. All but the final proposition in the

argument are called premises and the final proposition is called the conclusion. An argument is valid

if the truth of all its premises implies that the conclusion is true. That is,

(p1 ∧ p2 ∧ . . . ∧ pn)→ q

is a tautology where p1 . . . pn are the premises and q is the conclusion. A single premise can in itself

be a conditional proposition.
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An argument form in propositional logic is a sequence of compound propositions involving proposi-

tional variables. An argument form is valid no matter which particular propositions are substituted

for the propositional variables in its premises, the conclusion is true if the premises are all true. The

notation for two premises p and p→ q and its conclusion q is shown below.

p

p→ q

∴ q

Instead of using truth tables, an argument’s truth value can be evaluated by using rules of infer-

ence. The most common rules for logical propositions are listed in Table 4, while rules for quantified

statements are shown in Table 5.

Rule Tautology Name

p

p→ q

∴ q

(p ∧ (p→ q))→ q Modus ponens

¬q
p→ q

∴ ¬p

(¬q ∧ (p→ q))→ ¬p Modus tollens

p→ q

q → r

∴ p→ r

((p→ q) ∧ (q → p))→ (p→ q) Hypothetical syllogism

p ∨ q
¬p

∴ q

((p ∨ q) ∧ ¬p)→ q Disjunctive syllogism

p

∴ p ∨ q
p→ (p ∨ q) Addition

p ∧ q

∴ p
((p ∧ q)→ p) Simplification

p

q

∴ p ∧ q

(p) ∧ (q)→ (p ∧ q) Conjunction

p ∨ q
¬p ∨ r

∴ q ∨ r

(p ∨ q) ∧ (¬p ∨ r)→ (q ∨ r) Resolution

Table 4. Rules of inference
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Rule Name

∀xP (x)

∴ P (c)

Universal Instantiation

P (c) for an arbitrary c

∴ ∀xP (x)

Universal Generalization

∃xP (x)

∴ P (c) for some element c

Existential Instantiation

P (c) for some element c

∴ ∃xP (x)

Existential Generalization

Table 5. Rules of Inference for Quantified Statements

3 Proof Techniques

3.1 Terminology

Theorem A theorem is a formal statement that can be shown to be true.

Axiom An axiom is a statement that we assume to be true to

3.2 Proof Methods

A proof is a valid argument that shows the truth of a mathematical statement. It uses the premise,

axioms, theorems to prove a conjecture to be true or false. Most commonly, we prove a statement of

the form

∀xP (x)→ Q(x)

which is often simplified to omit the universal quantification as

p→ q

13



This statement can be proven with various methods.

3.2.1 Direct Proof

A direct proof is constructed by assuming that p is true and showing that if p is true, q is true. This

is done by expanding the definition underlying p and applying it to q.

3.2.2 Proof by Contrapositive

A proof by contrapositive uses the fact that

p→ q ≡ ¬q → ¬p

to first assume that q is false. If the contrapositive can be shown to be true, then the original

statement is also true.

Vacuous Proofs A proof is vacuous or trivial if e.g. in the statement p→ q we can show that p is

false, because p→ q must be true if p is false.

3.3 Proof by Contradiction

We can show that p is true if

¬p→ (r ∧ ¬r)

is true for some proposition r. Because the conclusion is false, the hypothesis ¬p must be false for

the conditional to be true. Therefore, p is true. This proof works by first assuming ¬p and then

constructing the conditional. We assume that p is false and then show that this assumption leads to

a contradiction, therefore proving that p is true.

3.4 Proof by Induction

Proof by induction can be used to prove statements that assert that P (n) is true for all positive integers

n, where P (n) is a propositional function. To prove this, there are two steps.

Basis Step We verify that P (1) is true. Note that we cannot just assume that P (1) is true, we need

to show that it indeed is, by other proof methods. Note that the domain of the axiom to be proven

may be restricted (e.g. k > 3). In this case, the basis step would be P (4) instead of P (1).

Inductive Step We show that the conditional statement P (k) → P (k + 1) is true for all positive

integers k. Here, we assume that P (k) is true to show that P (k + 1) is true, leading the conditional

to be true.

Proof by induction can be stated as a rule of inference:

(P (1) ∧ ∀k(P (k)→ P (k + 1)))→ ∀nP (n)

14



The general template for proofs by induction is as follows.

1. Express the statement that is to be proved in the form “for all n ≥ b, P (n)” for a fixed integer b.

For statements of the form “P (n) for all positive integers n”, let b = 1, and for statements of the

form “P (n) for all non-negative integers n”, let b = 1. For some statements of the form P (n),

such as inequalities, you may need to determine the appropriate value of b by checking the truth

values of P (n) for small values of n.

2. Write out the words “Basis Step”. Then show that P (b) is true, taking care that the correct

value of b is used. This completes the first part of the proof.

3. Write out the words “Inductive Step” and state, and clearly identify, the inductive hypothesis,

in the form “Assume that P (k) is true for an arbitrary fixed integer k ≥ b.”

4. State what needs to be proved under the assumption that the inductive hypothesis is true. That

is, write out what P (k + 1) says.

5. Prove the statement P (k + 1) making use of the assumption P (k). (Generally, this is the most

difficult part of a mathematical induction proof. Decide on the most promising proof strategy

and look ahead to see how to use the induction hypothesis to build your proof of the inductive

step. Also, be sure that your proof is valid for all integers k with k ≥ b, taking care that the

proof works for small values of k, including k = b.)

6. Clearly identify the conclusion of the inductive step, such as by saying “This completes the

inductive step.” After completing the basis step and the inductive step, state the conclusion,

namely, “By mathematical induction, P (n) is true for all integers n with n ≥ b”.

3.5 Strong Induction

When we cannot use induction to easily prove a result, we can consider using strong induction.

To prove that P (n) is true for all positive integers n, wheren P (n) is a propositional function, we

complete two steps.

Basis Step We verify that the proposition P (1) is true.

Inductive Step We show that the conditional statement [P (1) ∧ P (2) ∧ · · · ∧ P (k)] → P (k + 1) is

true for all positive integers k.

4 Combinatorics

Product Rule Suppose that a procedure can be broken down into a sequence of two tasks. If there

are n1 ways to do the first task and for each of these ways of doing the first task, there are n2 ways to

do the second task; then there are n1n2 ways to do the procedure.
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Sum Rule If a task can be done either in one of n1 ways or in one of n2 ways, where none of the

set of n1 ways is the same as any of the set of n2 ways, then there are n1 + n2 ways to do the task.

Subtraction Rule If a task can be done in either n1 ways or n2 ways, then the number of ways to

do the task is n1 + n2 minus the number of ways to do the task that are common to the two different

ways. This is the same as the principle of inclusion-exclusion (see Discrete Mathematics — Set

Theory).

4.1 Pigeonhole Principle

If N objects are placed into k boxes, then there is at least one box with at least dN/ke objects.

Important: When calculating the number of objects N required to satisfy a specific dN/ke out-

come, keep in mind that you are rounding up N/k. For example, if dN/ke = 6 and k = 4, then

dN/4e = 6⇔ N/4 > 5

N > 20

N = 21

Therefore, when solving the inequality, you can add one to the result for N to arrive at the smallest

number that will satisfy the desired N/k (if that is what is asked).

4.2 Permutations

A permutation of n different elements is an ordering of the elements such that one element is first, one

is second, one is third, and so on.

Calculator Hint: Use nPr to calculate permutations taken r at a time.

The number of permutations of n elements is

n · (n− 1) · ·4 · 3 · 2 · 1 = n!

In other words, there are n! different ways of ordering n elements.

The number of permutations of n elements taken r at a time is

nPr =
n!

(n− r)!
= n(n− 1)(n− 2) · · · (n− r + 1)

Consider a set of n objects that has n1 of one kind of object, n2 of a second kind, and so on. The

number of distinguishable permutations of the n objects is

n!

n1! · n2! · n3! · · · · · nk!
(1)
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4.3 Combinations

Combinations consider only the possible sets of objects regardless of the order in which the members

of the set are arranged.

Calculator Hint: Use nCr to calculate combinations taken r at a time.

The number of possible combinations of n elements taken r at a time is

nCr =
n!

(n− r)!r!
=

nPr
r!

(2)

The number of r-combinations from a set with n elements can be denoted as

n
r


5 Automata Theory

5.1 Letters and Strings

Alphabet An alphabet Σ is a non-empty set of symbols. Σ = {0, 1} is the binary alphabet.

Strings & Lengths A string w = w1w2 . . . wi is a finite sequence of letters drawn from an alphabet

where each wi is an element of Σ. An empty string is denoted by ε. The length of a string w is

denoted by |w|.

• The set of all strings composed from letters in Σ is Σ∗.

• The set of all non-empty strings composed from letters in Σ is Σ+.

• The set of all strings of length k composed from letters in Sigma is Σk.

• The size of Σk is given as |Σk| = |Σ|k.

• A language is a collection of strings w drawn from Σ.

Note that Σ1 is not the same as Σ. The former is the set of strings of length one, while the latter is

only the set of symbols in the alphabet. Σ1 just happens to be a set of strings of length 1.

5.2 Deterministic Finite Automata

A finite automaton or state machine is a simple mathematical machine. It is a representation of how

computations are performed with limited memory space. Figure 1 shows an example of an automaton

using a state diagram. The start state is shown with an incoming arrow, while transitions are shown

as further arrows with their respective input symbols leading to the next state. The accept state is

denoted by a double ring.

When an automaton processes an input string w, it outputs either accept or reject.
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q1start q2

1

0

0

1

Figure 1. State diagram of a finite automaton

0 1

q1 q1 q2

q2 q1 q2

Table 6. Mapping a transition function

Definition A deterministic finite automaton M is a 5-tuple (Q,Σ, δ, q0, F ), where

1. Q is a finite set called the states,

2. Σ is a finite set called the alphabet,

3. δ : Q× Σ→ Q is the transition function,

4. q0 ∈ Q is the start state, and

5. F ⊆ Q is the set of accept states.

The set A of all strings that a machine M accepts is the language L(M) = A of the machine. We

say that M recognises or accepts A. If a machine accepts no strings, it still accepts one language —

the empty language ∅.

The transition function can be mapped using a two-dimensional table as shown for the function

Q× Σ→ Q where Q = {q1, q2} in Table 6.

If a machine M has a start state that is also an accept state, the machine will accept the empty

string ε.

5.3 Non-deterministic Finite Automata

A deterministic finite automaton (DFA) has key differences from a non-deterministic finite automaton

(NFA):

1. In a DFA, every state has exactly one exiting transition for each symbol in the alphabet.

2. In an NFA, states may have none, one or more exiting transitions for some or all symbols of

the alphabet, including the empty string ε.

An example for an NFA is shown in Figure 2.
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q1start q2

1

0, 1

0

1

Figure 2. Example of a non-deterministic finite automaton

An NFA computes by making copies of itself to pursue every possible option in parallel. Therefore,

if a state has two transitions for a given symbol, the machine copies itself and follows both routes. If

a transition is not possible, the machine dies and returns a reject state.

Definition A non-deterministic finite automaton is a 5-tuple (Q,Σ, δ, q0, F ), where

1. Q is a finite set called the states,

2. Σ is a finite set called the alphabet,

3. δ : Q× Σε → P(Q) is the transition function,

4. q0 ∈ Q is the start state, and

5. F ⊆ Q is the set of accept states.

The key difference is the transition function, which maps the cross product of states and the

alphabet, including the empty string ε, to a set of all possible next states, written as the power set of

Q.

6 Regular Languages

A language is called a regular language if some finite automaton recognises it.

6.1 Regular Operations

Let A and B be languages. We define the regular operations union, concatenation, and star as

follows:

1. Union: A ∪B = {x | x ∈ A or x ∈ B}

2. Concatenation: A ◦B = {xy | x ∈ A and y ∈ B}

3. Star: A? = {x1x2 . . . xk | k ≥ 0 and each xi ∈ A}

The star operation is a unary operator, in that it only operates on one alphabet. It takes all

symbols from the alphabet and generates all possible strings from language A to form a new language

A∗. The empty string ε is always a member of A∗, as no string may be generated as one of the options.
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Every NFA has an equivalent DFA in the sense that they both can recognise (accept) the same

language.

A language is considered regular if and only if at least one NFA accepts it. If two languages are

regular, then their union, concatenation and star are regular.

6.2 Regular Expressions

A regular expression is a way to describe a language in a concise, general notation using regular

operations.

The following is an example of a regular expression in shorthand notation and it’s more expanded

form.

(0 ∪ 1)0∗ = ({0} ∪ {1}) ◦ {0}∗

In regular expressions, the order of precedence is given by star → concatenation → union. Concaten-

ation is implicit, meaning that is is assumed when no operator is given between two terms (as in the

example above).

Say that R is a regular expression if R is

1. a for some a in alphabet Σ,

2. ε,

3. ∅,

4. (R1 ∪R2), where R1 and R2 are regular expressions,

5. (R1 ◦R2), where R1 where R1 and R2 are regular expressions, or

6. (R∗1), where R1 is a regular expression.

Don’t confuse the regular expressions ε and ∅. The expression ε represents the language containing

a single string, the empty string. ∅ describes the language that doesn’t contain any strings.

Kleene’s Theorem A language is regular if and only if some regular expression describes it.

6.3 Pumping Lemma

If a language is not regular, then there is no DFA that recognises it. To prove that a language L is

not regular, we can use a property of regular languages and prove non-regularity by contradiction.

A regular language can be pumped, which means that with a sufficiently long input string, it cycles

at least once. That means that a state in the automaton is visited twice (based on the pigeonhole

principle). The pumping lemma states that such a string, while cycling one or more times, will still

remain in the language.
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Pumping Lemma If A is a regular language, then there is a number p where if s is any string in A

and s ≤ p then s may be divided into three pieces s = xyz such that

1. for each i ≥ 0, xyiz ∈ A,

2. |y| > 0, and

3. |xy| ≤ p.

The first condition states that a string that has a cycling part remains in the language. The second

part states that the cycling part may not be empty, it has to have at least one edge (meaning a node

cycling onto itself). The this part states that the automaton needs to reach the start of the cycle

before reaching the pumping length p.

The pumping lemma is only concerned with languages that generate very long (i.e. infinite strings).

7 Context-Free Languages

A grammar consists of substitution rules and describes how strings in a language are generated

using such rules.

Definition A context-free grammar is a 4-tuple (V,Σ, R, S) where

1. V is a finite set called the variables ,

2. Σ is a finite set, disjoint from V, called the terminals ,

3. R is a finite set of rules , with each rule being a variable and a string of variables and terminals,

and

4. S ∈ V is the start variable.

Example The language L = {on1n} can be described by the grammar

S → 0S1 | ε

where S is the start variable, 0 and 1 are terminals and the entire statement is a substitution

rule.

7.1 Chomsky Normal Form

Any context-free grammar has an equivalent grammar in Chomsky normal form which is a simplified

version that removes ambiguity from the grammar.
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A context-free grammar is in Chomsky normal form if every production is of the form

A→ BC

A→ a

where a is any terminal and A,B, and C are any variables—except that B and C may not be the start

variable. In addition, we permit the rule S → ε, where S is the start variable.

Converting to Chomsky normal form The steps to convert a grammar to Chomsky normal form

are given as follows.

1. Add a new start variable S0 and the rule S0 → S. This guarantees that the start variable

occurs only on the left-hand side.

2. Remove all ε rules A → ε. For each occurrence of A on the right-hand side, add a new rule

with that occurrence deleted.

3. Remove all unit rules of the form A → B. Replace all occurrences of B on the right-hand

side with the terminal that is produced by A. Eliminate the original unit rule.

4. Reduce any rules with more than two variables or more than one terminal to correct

form. Replace variable pairs inside of n-tuples with new single variables and add corresponding

rules. Replace any combinations of terminals and variables with variable pairs and add the

corresponding rules.

8 Turing Machines

A Turing machine is a more powerful model of a computer, similar to a finite automaton but with

unlimited and unrestricted memory.

It consists of a control unit with a read/write head that moves along a tape which is divided into

cells. The machine can move along the tape and read from or write to cells. The tape contains the

input string at the beginning, followed by a space t and an infinite amount of empty tape following

it. Cells can be overwritten.

Definition A Turing machine is a 7-tuple (Q,Σ,Γ, δ, q0, qaccept, qreject), where

1. Q is a set of states,

2. Σ is the input alphabet not containing the blank symbol t ,

3. Γ is the tape alphabet, where t ∈ Γ and Σ ⊆ Γ

4. δ : Q× Γ→ Q× Γ× {L,R} is the transition function,
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5. q0 ∈ Q is the start state,

6. qaccept ∈ Q is the accept state, and

7. qreject ∈ Q is the reject state, where qreject 6= qaccept.

Configuration A configuration of a Turing machine describes it’s current state, the current tape

contents and the current head location. For a state q and two strings u and v over the tape alphabet

Γ, we write uqv for the configuration where the currents state is q, the tape contents are uv and the

head location is at the first symbol of v. For example, 1011q701111 is the configuration where the

current state is q7, the tape contents are 101101111 and the current head location is at the second 0.

The start configuration of M on input w is the configuration q0w which indicates the machine is in

the start state q0 and the head is at the leftmost position.

A Turing machine M accepts input w if a sequence of configurations C1, C2, . . . , Ck exists, where

1. C1 is the start configuration of M on input w

2. each Ci yields Ci+1, and

3. Ck is an accepting configuration.

The collection of strings that M accepts is the language of M. The language is Turing-

recognisable if some Turing machine recognises it. A Turing machine has three possible outcomes

• accept

• reject

• loop

A Turing machine that never loops is called a decider. A language is Turing-decidable if some

Turing machine decides it.

8.1 Halting Problem

The Halting Problem is a kind of problem that cannot be solved by a Turing machine. Say we want

to find out if a program P halts or loops for ever. No procedure exists to determine this, because

if a program is still running after a fixed length of time, we do not know if it is still running or is

looping forever. Hence we cannot computationally determine if the program will halt unless we let the

program itself run to completion (or loop forever).
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9 Algorithms

9.1 Bubble Sort

Bubble sort is popular, but inefficient, sorting algorithm. It works by repeatedly swapping adjacent

elements that are out of order.

It starts at the head of a vector, compares the element to the adjacent elements, and swaps the

elements if the first element is larger than the second element.

Passes The Bubble sort algorithm may need multiple passes to sort the entire vector. The maximum

number of passes is given by the most difficult vectors to solve - such that are completely in reverse

order. In this case, the number of required passes is n−1 where n is the number of elements. Therefore,

the maximum number of passes required is always n− 1.

Algorithm 1 Bubble Sort

function Bubblesort(vector)

n← LENGTH[vector]

for 1 ≤ i ≤ n− 1 do

count← 0

for 1 ≤ j ≤ n− 1 do

if vector[j + 1] < vector[j] then

Swap(vector, j, j + 1)

count← count+ 1

end if

end for

if count = 0 then

break

end if

end for

return vector

end function

9.2 Insertion Sort

Insertion sort works from the left of a vector, starting with the second element. It compares the element

to the element on the left. If it needs to move, the element is moved along to the left as far as needed.

As an algorithm, we can store the current element in a temporary variable, while we “move”

elements to the right by overwriting the slots to the right and then restoring the original values from

the temporary variable.
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Algorithm 2 Insertion Sort

function InsertionSort(v)

j ← 2

for j ≤ LENGTH[v] do

key ← v[j]

i← j − 1

while i > 0 ∧ v[i] > key do

v[i+ 1]← v[i]

i← i− 1

end while

v[i+ 1]← key

j ← j + 1

end for

end function

9.3 Binary Search

Binary Search is a more efficient way of searching an item in a list. It proceeds by halving the list

and comparing the middle element to the searched term. If the middle element is smaller than the

term, the search continues on the right sublist, and if larger, on the left sublist. Then the procedure

is repeated.

Binary search runs in logarithmic time O(logn).

Algorithm 3 Binary Search

function BinarySearch(v, item)

L← 1

R← LENGTH[v]

while L ≤ R do

M ← bL+R
2 c

if v[M ] < item then

L←M + 1

else if v[M ] > item then

R←M − 1

else

return M

end if

end while

return false

end function
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Binary search is faster than linear search because each additional search step works on a smaller

input (half of the previous input). Hence the time to complete one additional step decreases by half

with each step. Hence the algorithm is logarithmic.

9.4 Recursion

Another algorithm is Euclid’s Algorithm, which finds the greatest common divisor of two non-zero

integers.

The flowchart for Euclid’s algorithm is shown in Figure 3.

Figure 3. Euclid’s Algorithm

10 Complexity Theory
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