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Week 1-2: Base 2, 8 and 16 
 Place value for digits: 

o 1101102 = 1*25 + 1*24 + 0*23 + 1*22 + 1*21 + 0*20 = 32+16+4+2 = 5410 
o 1111112 = 1*25 + 1*24 + 1*23 + 1*22 + 1*21 + 1*20 = 32+16+8+4+2+1 = 6310 
o 1111112 = 10000002 - 110 

 Decimals to binary: 19310 = 11000012 
o 193/2  = 96 + 1 
o 96/2  = 48 + 0 
o 48/2  = 24 + 0 
o 24/2 = 12 + 0 
o 12/2 = 6 + 0 
o 6/2 = 3 + 0 
o 3/2 = 2 + 1 
o 1/2  = 0 + 1 

 

 Place value for fractional numbers 
o . = fractional point 

 
Binary 8 4 2 1 1/2 1/4 1/8 Decimal 
1101.101  1 1 0 1. 1 0 1 13 5/8  
         

 
Decimal 256 128 64 32 16 8 4 2 1 1/2 1/4 1/8 Binary 
271.25 1 0 0 0 0 1 1 1 1. 0 1  10001111.01 
0.75         0. 1 1  0.11 

 

 0.2510 in binary: 0.01 
o 0.25 x 2 = 0.5 
o 0.5 x 2 = 1.0 <- stop 

 0.7510 in binary: 0.11 
o 0.75 x 2 = 1.5 
o 0.5 x 2 = 1.0 <- stop 

 Rational and irrational numbers 
o 0.117  -> 117 / 1000 

 Rational decimals to binary 
o 1/6   < 1  0 
o 1/6 x 2 = 1/3  < 1  0 
o 1/3 x 2 = 2/3 < 1  0 repeat 
o 2/3 x 2 = 4/3 > 1  1 repeat 
o 1/3 x 2 = 2/3 < 1  0 
o 1/6 = 0.00̇1̇ 

  

1024 512 256 128 64 32 16 8 4 2 1
199 0 0 0 1 1 0 0 0 1 1 1
313 0 0 1 0 0 1 1 1 0 0 1
488 0 0 1 1 1 1 0 1 0 0 0

1025 1 0 0 0 0 0 0 0 0 0 1



 

3 
 

Total conversion: 

296 (10->2) 296 (10->8) 296 (10->16) 
296/2  = 148+ 0 
148/2  = 74+ 0 
74/2  = 37+ 0 
37/2  = 18+ 1 
18/2  = 9+ 0 
9/2  = 4+ 1 
4/2  = 2+ 0 
2/2  = 1+ 0 
1/2  = 0+ 1 

296/8  = 37+ 0 
37/8  = 4+ 5 
4/8  = 0+ 4 
 
100 101 000 
100  4 
101  5 
000  0 
 

296/16  = 18+ 8 
18/16  = 1+ 2 
1/16  = 0+ 1 
 
1 0010 1000 
1  1 
0010  2 
1000 8 
 

1 0010 1000 450 128 
 

Arithmetic in binary 

 Addition 

Digit 1 (27)  1 1 0 1 1 
Digit 2 (11)   1 0 1 1 
Carry over   1  1 1  
Result (38) 1 0 0 1 1 0 

 

Digit 1 (22)  1 0 1 1 0 
Digit 2 (15)   1 1 1 1 
Carry over   1 1 1   
Result (37) 1 0 0 1 0 1 

 

 Multiplication 

Digit 1 (7)    1 1 1 
Digit 2 (5)    1 0 1 
        
     1 1 1 
 +   0 0 0  
 +  1 1 1   
Carry over   1 1    
Result (35) 1 0 0 0 1 1 
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Week 3: Modulo 
 a|b 

o a divides b if there is an integer c that b=ac (a != 0)  
o then a is a divisor of b and b is a multiple of a 
o if 0 < a < b, a is a proper divisor of b 

 trivial divisor of n is a divisor that equals n or 1; else nontrivial divisor 
 integer values 

o if a|b and a|c, then a|(b+c);   3|6 and 3|18, then a|(18+6) 
o if a|b, then a|bc for any integer c 
o if a|b and b|c, then a|c;   3|6 and 6|12, then 3|12  

 Prime 
o A positive integer n greater than 1 is called prime, if its only divisors are n and 1. 
o If n is an integer >= 1, then there is a prime p such that n < p <= n!+1 
o Given any real number X>=1, there exists a prime between x and 2x 
o If n is an integer >=2, then there are no primes between n!+2 and n!+n 

 Composites 
o A positive integer n that is greater than 1 and is not prime is called composite 
o If n is a composite, then n has a prime divisor p such that p <= sqrt(n) 

Theory of Congruences 

 Modulo 
o Let a be an integer and n a positive integer greater than 1; r is the remainder of “a 

mod n”;  e.g. 35 mod 12 = 11 
o “r is equal to a reduced modulo n” 
o “a is congruent to b modulo n” (𝑎 ≡ 𝑏(mod 𝑛)) if n is a divsor of a-b or if n|(a-b) 

Modular addition: (A + B) mod X = A mod X + B mod X 

Additive identity: A + B ≡ A mod C 

 1 + X ≡ 0 mod 5 

Additive inverse: A + B ≡ 0 mod C 

 -23 + B ≡ 0 mod 5; B = 2 

Modular multiplication: (A * B ) mod X = A mod X * B mod X 

 (159 * 943) mod 5 = 159 mod 5 * 943 mod 5 = 4 mod 5 * 3 mod 5 = 12 mod 5 ≡ 2 
 (-569 * -662) mod 10 = 376 678 mod 10 = 1 mod 10 * 8 mod 10 ≡ 8  
 2069 (mod 13) ≡ ??? 

206 (mod 13) ≡ 11 
2062 (mod 13) = 11² (mod 13) = 121 (mod 13) ≡ 4  
2064 (mod 13) = 4² (mod 13) = 16 (mod 13) = 3  
2069 (mod 13) =2064*2064*206 (mod 13) = 3*3*11 (mod 13) = 99 (mod 13) ≡ 8 
 

Multiplicative inverse: A * B ≡ 1 (mod X)  

 3 * 5 ≡ 1 mod 7 
 4 * 2 ≡ 1 mod 7 
 Must not be co-prime, e.g. 2 * B ≡mod 8 (2 and 8 (2*2*2*2) are co-prime) 
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Week 4: Sequences 
Arithmetic progressions:  

-5 -3 -1 1 … 3 5 7  # 2n - 7 

100 107 114 121 … 128 135 142  # 7n +93 

 

Geometric progressions 

2 4 8 16 … 32 64 128  #2^n 

 

Week 5: Series 
Arithmetic Series starting with i=0 

Series with i0 ∑ 3௡௜ୀ଴ = 3 ∗ 𝑛    ∑ 3ଵ଴௜ୀ଴ = 3 ∗ 10 = 30 

Series with i1 ∑ 3𝑖௡௜ୀ଴ = 3 ∗ ௡(௡ାଵ)ଶ    ∑ 3𝑖ଵ଴௜ୀ଴ = 3 ∗ ଵ଴(ଵ଴ାଵ)ଶ = ଷଶ ∗ 110 =  165 

Series with i2 ∑ 3𝑖ଶ௡௜ୀ଴ = 3 ∗ ௡(௡ାଵ)(ଶ௡ାଵ)଺   ∑ 3𝑖ଶଵ଴௜ୀ଴ = 3 ∗ ଵ଴(ଵ଴ାଵ)(ଶ∗ଵ଴ାଵ)଺ = ଵଶ ∗ 110 ∗ 21 = 1155 

Series with compounds 

෍ 3𝑖ଶ + 5𝑖 + 7௡
௜ୀ଴ =  ෍ 3𝑖ଶ௡

௜ୀ଴ + ෍ 5𝑖௡
௜ୀ଴ + ෍ 7௡

௜ୀ଴  

∑ 3𝑖ଶ + 5𝑖 + 7௡௜ୀ଴ =  3 ∗ ௡(௡ାଵ)(ଶ௡ାଵ)଺ +  5 ∗ ௡(௡ାଵ)ଶ +  7 ∗ 𝑛  

Arithmetic Series not starting with i=0 

෍ 4𝑖௡ୀଶ଴
௜ୀଵ଴ = ෍ 4𝑖௡ୀଶ଴

௜ୀ଴ − ෍ 4𝑖௡ୀଽ
௜ୀ଴ = 4 ∗ 20(20 + 1)2 − 4 ∗ 9(9 + 1)2 = 840 − 180 = 660 

Geometric series 

෍ 𝑎 ∗ 𝑏௜ିଵ௡
௜ୀଵ =  𝑎 ∗ ෍ 𝑏௜ିଵ௡

௜ୀଵ = 𝑎 ∗ 𝑏௜ − 1𝑏 − 1  

෍ 0.1 ∗ − 12௜ହ
௜ୀଵ =  0.1 ∗ ෍ − 12௜ହ

௜ୀଵ = 0.1 ∗ − 12௜ − 1− 12 − 1 = 0.06875  
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Week 6: Transformations 
Intervals: 

 Exclusive: (5, 8): {6, 7} 
 Inclusive: [5, 8]: {5, 6, 7, 8} 
 Mixed: [5, 8): {5, 6, 7} 

Translations: 

 Shift in y-direction (+2):  y=x²  -> y=x² +2 
 Shift in y-direction (-2):  y=x²  -> y=x² -2 
 Shift in x-direction (+2):  y=x²  ->  y=(x-2)² 
 Shift in x-direction (-2):  y=x²  ->  y=(x+2)² 

 Stretch in y-direction(*1/2): y=x+2  ->  y=(x²)/2 
 Stretch in y-direction(*2): y=x+2  ->  y=2(x²) 
 Stretch in x-direction(*1/2): y=x²  -> y=(2x)² 
 Stretch in x-direction(*2): y=3x+  ->  y=(x/2)² 

 

https://www.mathsisfun.com/sets/function-transformations.html 
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Week 7: Triangles 
Angles 

 Acute: biggest angle <90° 
 Obtuse: biggest angle >90° 
 Right: biggest angle = 90° 

Degree to radians 

 1° = ଵ°ଵ଼଴° 𝜋 𝑟𝑎𝑑 = 0.0174 𝑟𝑎𝑑   
 18° = ଵ଼°ଵ଼଴° 𝜋 𝑟𝑎𝑑 = ଵଵ଴ 𝜋 𝑟𝑎𝑑 =  0.314 𝑟𝑎𝑑 

 180° = ଵ଼଴°ଵ଼଴° 𝜋 𝑟𝑎𝑑 = 𝜋 𝑟𝑎𝑑 =  3.141 𝑟𝑎𝑑 

 360° = ଷ଺଴°ଵ଼଴° 𝜋 𝑟𝑎𝑑 = 2𝜋 𝑟𝑎𝑑 =  6.283 𝑟𝑎𝑑 

Degree to radians 

 1 𝑟𝑎𝑑 = 1 ∗ ଵ଼଴°గ = 57.296°  
  𝜋 𝑟𝑎𝑑 = 𝜋 ଵ଼଴°గ = 180°   

 2𝜋 𝑟𝑎𝑑 = 2𝜋 ଵ଼଴°గ = 360°   

 ହ଺ 𝜋 𝑟𝑎𝑑 = ହ଺ 𝜋 ∗ ଵ଼଴°గ = ହଵ ∗ ଷ଴°ଵ = 150°  

 ଶ଴ଽ 𝜋 𝑟𝑎𝑑 = ଶ଴ଽ 𝜋 ∗ ଵ଼଴°గ = ଶ଴ଵ ∗ ଶ଴°ଵ = 400° 

 

Squareroots / surds 

 √9 = 3 
 √𝑛 ∗ 𝑚 = √𝑛 ∗ √𝑚:   √20 = √2 ∗ 2 ∗ 5 = √2 ∗ √2 ∗ √5 = 2√5 = 

 √௡√௠ = ට ௡௠:   √ହସ√଺ = ටହସ଺ = √9 = 3  OR √ହସ√଺ = √଺∗ଽ√଺ = √଺∗√ଽ√଺ = √9 = 3  

 𝑛√𝑥 +  𝑚√𝑥 = (𝑛 + 𝑚)√𝑥: 4√5 +  7√5 = 11√5 
 √18 − √2 =  3√2 − √2 = 2√2 
 3൫√4 + √5൯ = 3√4 + 3√5 = √9 ∗ 4 + √9 ∗ 5 = √36 + √45 = 6 + 3√5 
 2√2 ∗ 5√10 = √4 ∗ 2 ∗ √25 ∗ 10 = √8 ∗ √250 = √2000 = 10√20 = 20√5 
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Week 8: sin, cos, tan 
Right triangles: 

 

Any triangle: 

 Sine rule: ௔ୱ୧୬(஺) = ௕ୱ୧୬(஻) = ௖ୱ୧୬(஼) 
 Cosine rule: 𝑐ଶ = 𝑎ଶ + 𝑏ଶ − 2 ∗ 𝑎 ∗ 𝑏 ∗ cos(𝐶) 

Amplitude: half distance between maximum and minimum values 

 y=a*sin(bx+c); amplitude = |a| 

Period: Horizontal spread of a full cycle 

 y=a*sin(bx+c); period = |2pi/b| 
 y=a*sin(bx+c); amplitude = |a| 

Phase: Horizontal shift  

 y=a*sin(bx+c); period = c 
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Week 9: Trigonomic Functions 
Sinus  

 

Cosinus 
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Tangens  

 

Trigonometrical identities: The following equations are true for all angles: 

 ௦௜௡(ఏ)ୡ୭ୱ(ఏ) = tan(𝜃) 

 𝑠𝑖𝑛ଶ𝐴 + 𝑐𝑜𝑠ଶ𝐴 = 1 
 𝜃 = ௦௥ 

Angle associated with coordinates 

 (-3,2): Quadrant II, 180° - tan(2/3) = 146.31°  
 (-3,-2): Quadrant III, 180° + tan(2/3) = 183.69° 

Unit circle 

 x=4/5 -> y= +/- (3/5) 
 angle: -240° -> 240°-180°=60°, x=cos60°=0.5, y=sin60°=0.87 
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Week 10: Coordinate systems 
Polar to Cartesian 

 Quadrant I: P(radius *cos(angle), radius*sin(angle)) 
 Quadrant II: P(-radius *cos(angle), radius*sin(angle)) 
 Quadrant III: P(-radius *cos(angle), -radius*sin(angle)) 
 Quadrant IV: P(radius *cos(angle), -radius*sin(angle)) 
 P(11, 36.4°): x=11*cos36.4°=8.85, y=11*sin36.4°=6.53 

 

Cartesian to Polar 

 P(radius, angle) 
 angle = tan(y/x) 
 radius = (x² + y²)0.5  
 P(3,8): theta=tan(8/3)=69.44°, r= (3² + 8²)0.5=8.54,   P(8.54, 69.44°) 
 P(-4,7): II, theta = 180-tan(7/4)=119.75°, r=(4² + 7²)0.5=8.06,  P(8.06, 119.75°) 

  

Week 11: Exponential functions 
 ax … a: base, x: power (or index) 
 𝑛ଶ ∗ 𝑛ସ =  𝑛ଶାସ = 𝑛଺     
 ௡ఱ௡య = 𝑛ହିଷ   = 𝑛ଶ  
 (𝑛ଶ)³ = 𝑛ଶ∗ଷ   = 𝑛଺  

 

Week 12: Logarithms 
 y = ax  equivalent to: logay=x 
 log A + log B = log AB 
 log A – log B = log A/B 
 log 1 = 0 
 n log A = log An 
 logax = -logyax 
 Calculator: lognm = log n / log m: log162= log 16 / log 2 = 4 
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Week 13-14: Limits and differentiation 
Limits 

 lim௡→ஶ 𝑛 = ∞ 

 lim௡→ஶ ଵ௡ = 0 

 lim௡→ஶ ௡ାଵ௡ = ௡௡ = 1 

 lim௡→ஶ ଶ೙ଵ଴೙షభ = 0 

Differentiation 

Power rule:   𝑓(𝑥) = 𝑥௡   𝑓′(𝑥) = ଵ௡ 𝑥௡ିଵ 

 𝑓(𝑥) = 2𝑥ଷ,     𝑓ᇱ(௫) = ଶଷ 𝑥ଷିଵ = ଶଷ 𝑥ଶ 

 𝑓(𝑥) = √𝑥 = 𝑥భమ    𝑓ᇱ(௫) = ଵଶ 𝑥భమିଵ = ଵଶ 𝑥ିభమ = ଵଶ√௫  

 𝑓(𝑥) = ଵ௫మ = 𝑥ିଶ   𝑓′(𝑥) = − ଵଶ 𝑥ିଶିଵ = − ଵଶ௫య 

Multiplication rule: 𝑓(𝑥) = 𝑢 ∗ 𝑣  𝑓′(𝑥) = 𝑢ᇱ𝑣 + 𝑢𝑣′ 
 𝑓(𝑥) = (𝑥ଶ − 3𝑥)(4𝑥 − 1) = 𝑢𝑣  𝑓′(𝑥) = (2𝑥 − 3)(4𝑥 − 1) + 4(𝑥ଶ − 3𝑥) 

Division rule: 𝑓(𝑥) = ௨௩   𝑓′(𝑥) = ௨ᇲ௩ି௨௩ᇲ௩²  

 𝑓(𝑥) = ௫మିଷ௫ସ௫ିଵ = ௨௩   𝑓′(𝑥) = (ଶ௫ିଵ)(ସ௫ିଵ)ିସ(௫మିଷ௫)(ସ௫ିଵ)²   

Chain rule:  𝑓(𝑥) = 𝑔(ℎ(𝑥))  𝑓′(𝑥) = 𝑔′(ℎ(𝑥)) ∗ ℎ′(𝑥) 

 𝑓(𝑥) = 𝑔൫ℎ(𝑥)൯ = (𝑥ଷ + 12𝑥ଶ)ଶ 𝑔(𝑥) = 𝑥ଶ, ℎ(𝑥) = 𝑥ଷ + 12𝑥²  
 𝑓′(𝑥) = 𝑔′(ℎ(𝑥)) ∗ ℎ′(𝑥) =  2(𝑥ଷ + 12𝑥ଶ) ∗ (3𝑥² + 24𝑥)    

Trigonometric functions: 

 𝑓(𝑥) = sin(𝑥)   𝑓′(𝑥) = cos(𝑥) 
 𝑓(𝑥) = cos(𝑥)   𝑓ᇱ(௫) = −sin(𝑥) 
 𝑓(𝑥) = tan(𝑥) = ୱ୧୬(௫)ୡ୭ୱ(௫)  𝑓ᇱ(௫) = ଵୡ୭ୱమ(୶) 
 𝑓(𝑥) = sin(𝑥²)   𝑓′(𝑥) = 2𝑥 cos(𝑥²) 
 𝑓(𝑥) = 𝑥²sin(𝑥)  𝑓ᇱ(௫) = 2𝑥 𝑠𝑖𝑛(𝑥) + 𝑥²cos(𝑥) 
 𝑓(𝑥) = sin(𝑥)cos(𝑥)  𝑓ᇱ(௫) = cos(𝑥)ଶ − sin(𝑥)² 

Exponential functions: 

 𝑓(𝑥) = ln(x)     𝑓′(𝑥) = ଵ୶ 

 𝑓(𝑥) = ln(xଶ − 2x) = ln(𝑥) + ln (𝑥 − 2) 𝑓ᇱ(𝑥) = ଵ୶ + ଵ௫ିଶ = ଶ(௫ିଵ)௫(௫ିଶ) 
 𝑓(𝑥) = log3(x)    𝑓′(𝑥) = ଵ୶୪୬ଷ 
 𝑓(𝑥) = e୶     𝑓′(𝑥) = e୶  
 𝑓(𝑥) = e୶మିସ୶ାଵ    𝑓′(𝑥) = (2x − 4)e୶మିସ୶ାଵ  
 𝑓(𝑥) = 0.1୶ = ൫𝑒୪୬(଴.ଵ)൯௫

   𝑓′(𝑥) = ln(0.1) 0.1௫  

 𝑓(𝑥) = ଶೣଷೣషమ = 9 ቀଶଷቁ௫
    𝑓′(𝑥) = 9 ln ቀଶଷቁ ቀଶଷቁ௫
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Extreme points 

 Maxima:  𝑓ᇱ(௫) = 0   𝑓ᇱᇱ(௫) < 0 
 Minima:  𝑓ᇱ(௫) = 0   𝑓ᇱᇱ(௫) > 0 

 

Week 15: Vectors and matrices 
Vectors 

 𝑎⃗ = ቀ32ቁ 

 𝐴𝐵ሬሬሬሬሬ⃗ = 𝐵 − 𝐴 = ቀ22ቁ − ቀ11ቁ = ቀ11ቁ 

 𝐴𝐵ሬሬሬሬሬ⃗ + 𝐴 = 𝐵 − 𝐴 + 𝐴 = 𝐵 
 Magnitude |𝑎⃗| of 𝑎⃗ = ቀ32ቁ: |𝑎⃗| = ඥ3ଶ + 2² = √13 

Dot product: 𝑢 ∗ 𝑣 =  ቀuଵuଶቁ ∗ ቀvଵvଶቁ = uଵ ∗ vଵ + uଶ ∗ vଶ  

 ቀ12ቁ ∗ ቀ34ቁ = 1 ∗ 3 + 2 ∗ 4 = 3 + 8 = 11 

Angle between two vectors: cos(𝜃) = ௨∗௩|௨|∗|௩| 
 𝑢 =  ቀ63ቁ , 𝑣 = ቀ 513ቁ 

 cos(𝜃) = ଺∗ହାଷ∗ଵଷඥ଺మାଷ²∗ඥହమାଵଷ² = (ଷ଴ାଷଽ)√ଷ଺ାଽ∗√ଶହାଵ = ଺ଽ√ସହ∗√ଵଽସ , 𝜃 = 42°  
Matrices 

 2 by 3: ቀ1 2 34 5 6ቁ 

 Transposed matrix: ቀ1 2 34 5 6ቁ் = ൭1 42 53 6൱ 

 Identity matrices: 𝐼𝑑ଶ = ቀ1 00 1ቁ, 𝐼𝑑ଷ =  ൭1 0 00 1 00 0 1൱ 

 Addition: ቀ1 23 4ቁ + ቀ1 00 1ቁ = ቀ2 23 5ቁ 

 Multiplication:  
o Xଵ𝑏𝑦 Xଶ, Yଵ𝑏𝑦 Yଶ, multiplication possible if Xଵ =  Yଶ 

o (u1 u2 u3 u4) ൮v1v2v3v4൲ = (u1 ∗ v1 + u2 ∗ v2 + u3 ∗ v3 +  u4 ∗ v4 ) 

o (3 −3 −1 4) ൮ 12−15 ൲ = (3 ∗ 1 + (−3) ∗ 2 + (−1) ∗ (−1) + 4 ∗ 5) = (18) 

o ൭𝑎 𝑏 𝑐𝑑 𝑒 𝑓𝑔 ℎ 𝑖 ൱ ൭𝐴 𝐵 𝐶𝐷 𝐸 𝐹𝐺 𝐻 𝐼 ൱ = ൭𝑎𝐴 + 𝑏𝐷 + 𝑐𝐺 𝑎𝐵 + 𝑏𝐸 + 𝑐𝐻 𝑎𝐶 + 𝑏𝐹 + 𝑐𝐼𝑑𝐴 + 𝑒𝐷 + 𝑓𝐺 𝑑𝐵 + 𝑒𝐸 + 𝑓𝐻 𝑑𝐶 + 𝑒𝐹 + 𝑓𝐼𝑔𝐴 + ℎ𝐷 + 𝑖𝐺 𝑔𝐵 + ℎ𝐸 + 𝑖𝐻 𝑔𝐶 + ℎ𝐹 + 𝑖𝐼൱ 

o ൭−3 3 62 −1 5−5 −2 4൱ ൭−1 3 −21 4 −56 3 6 ൱ = ൭42 21 2727 17 3127 −11 44൱ 



 

14 
 

Determinants 2x2 

 𝑑𝑒𝑡 ቀ𝑎 𝑏𝑐 𝑑ቁ = 𝑎𝑑 − 𝑏𝑐 

 𝑑𝑒𝑡 ቀ−1 34 5ቁ = −1 ∗ 5 − 3 ∗ 4 = −5 − 12 = −17 

 The determinant of a 2x2 matrix is zero when one row is a multiple of the other row 

 𝑑𝑒𝑡 ቀ−2 43 −6ቁ = −2 ∗ (−6) − 3 ∗ 4 = 12 − 12 = 0 

Determinants 3x3 

 ൭+ − +− + −+ − +൱ 

 𝑀 = ൭−1 3 35 3 −63 4 −3൱ 

 det(𝑀) = (+1) ∗ (−1)𝑑𝑒𝑡 ቀ3 −64 −3ቁ + (−1) ∗ 3𝑑𝑒𝑡 ቀ5 −63 −3ቁ + (+1) ∗ 3𝑑𝑒𝑡 ቀ5 33 4ቁ 

 

Week 16: Inverting matrices, cross product of vectors 
Inversion of matrices 

1. Check dimensions: must be the same 
2. Calculate determinant (if 0, it is not invertible) 
3. Calculate determinants of smaller matrices obtained by removing one row and one column 
4. Transpose co-factor matrix 
5. Divide adjoint matrix by determinant 

https://arndt-bruenner.de/mathe/scripts/inversematrix.htm 

 

1. 𝑀 = ቀ4 −33 5 ቁ : 2𝑥2 
2. det(𝑀) = 4 ∗ 5 − (−3) + 3 = 20 + 9 = 29 

3. ଵଶଽ ቀ 5 3−3 4ቁ: 
Cross product of vectors 

 𝑥 = ቆ𝑎𝑏𝑐ቇ , 𝑦 = ൭𝑑𝑒𝑓൱ , x x y = ൭𝑏𝑔 − 𝑐𝑓𝑐𝑒 − 𝑎𝑔𝑎𝑓 − 𝑏𝑒൱        
 𝑎 = ൭ 33−1൱ , 𝑏 = ൭−6−62 ൱ , 𝑎𝑥𝑏 =  ቌ3 ∗ 2 − (−1 ∗ (−6))−1 ∗ (−6) − 3 ∗ 23 ∗ (−6) − 3 ∗ (−6)ቍ = ൭000൱   

Multiplication of matrices and vectors 

 ൭𝑎 𝑏 𝑐𝑑 𝑒 𝑓𝑔 ℎ 𝑖 ൱ ൭123൱ = ൭1𝑎 + 2𝑏 + 3𝑐1𝑑 + 2𝑒 + 3𝑓1𝑔 + 2ℎ + 3𝑖 ൱ 

 ൭ 1 0 0−1 1 00 1 2൱ ൭234൱ = ൭ 1 ∗ 2 + 0 ∗ 3 + 0 ∗ 4−1 ∗ 2 + 1 ∗ 3 + 0 ∗ 40 ∗ 2 + 1 ∗ 3 + 2 ∗ 4 ൱ = ൭ 2111൱  
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Week 17: Linear transformation and matrices 
Scaling 

 No scaling:  𝐼𝑑ଶ = ቀ1 00 1ቁ 
 2x in x (dilation):  Idଶ = ቀ2 00 1ቁ 
 2x in y (dilation):  Idଶ = ቀ1 00 2ቁ 
 ½x in x (dilation):  Idଶ = ቆଵଶ 00 1ቇ 

Reflection 

 No reflection:  𝐼𝑑ଶ = ቀ1 00 1ቁ 
 Reflection on y-axis:  𝑀 = ቀ−1 00 1ቁ 
 Reflection on x-axis:  𝑀 = ቀ0 00 −1ቁ 
 Reflection on x-axis:  𝑀 = ቀ𝑐𝑜𝑠60° 𝑠𝑖𝑛60°𝑠𝑖𝑛60° −𝑐𝑜𝑠60°ቁ 

Rotation 

 No rotation:  𝑀 = ቀ0 11 0ቁ 
 Anticlockwise by 90°:  𝑀 = ቀ0 −11 0 ቁ = ቀ𝑐𝑜𝑠90° −𝑠𝑖𝑛90°𝑠𝑖𝑛90° 𝑐𝑜𝑠90° ቁ 
 Anticlockwise by 30°:  𝑀 = ቌ√ଷଶ − ଵଶଵଶ √ଷଶ ቍ = ቀ𝑐𝑜𝑠30° −𝑠𝑖𝑛30°𝑠𝑖𝑛30° 𝑐𝑜𝑠30° ቁ 

Combinations 

 2x dilation in x, 3x dilation in y, rotation on y-axis:  𝑀 = ቀ−2 00 3ቁ 
 2x dilation in x, 3x dilation in y, rotation by 180°:  𝑀 = ቀ−2 00 −3ቁ 

Homogeneous coordinates 

  𝑀 = ቀ23ቁ => 𝑀 = ൭231൱ 
 𝑀 = ൭234൱  =>  𝑀 = ⎝⎜

⎛ଶସଷସସସ⎠⎟
⎞  => 𝑀 = ቌଵଶଷସቍ 

  𝑀 = ቀ1 23 4ቁ => 𝑀 = ൭1 2 03 4 00 0 1൱ 
Translations 

 Translation 2 in x and 3 in y direction: 𝑀 = ൭1 0 20 1 30 0 1൱ 
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Week 18: Affine transformation in homogeneous coordinates 
Homogeneous coordinates 

 𝑀 = ቆ4 00 ଵଶቇ => 𝑀 = ቌ4 0 00 ଵଶ 00 0 1ቍ, dilation with scaling 4x x and 1/2x y direction. 

 𝑀ିଵ = ቌଵସ 0 00 2 00 0 1ቍ 

 𝑃 = ቀ0 −11 0 ቁ => 𝑀 = ൭0 −1 01 0 00 0 1൱, rotation 90° anticlockwise 

 𝑃ିଵ = ൭ 0 1 0−1 0 00 0 1൱, rotation 90° clockwise 

Combining translations and linear transformations 

 𝑀 = ቌ2 0 −10 ଵଷ 50 0 1 ቍ, translation by ቀ−15 ቁ, dilation x: 2, y: 1/3   

 𝑀ିଵ = ቌଵଶ 0 10 3 −50 5 1 ቍ 

 𝑃 = ൭0 −1 01 0 10 0 1൱, rotation 90° anticlockwise, translation by ቀ01ቁ 

Solving equations using matrices 

 ቀ1 −12 1 ቁ ቀ𝑥𝑦ቁ = ቀ13ቁ 

 ൬ 𝑥 − 𝑦 = 12𝑥 + 𝑦 = 3൰ 
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Week 19: Combinatorics and probability 
Permutations (ordered combinations) 

 Permutation of n objects is n!  
o X, Y, Z: XYZ, XZY, YXZ, YZX, ZXY, ZYX (3! = 6) 

 Select m of n objects: ௡!(௡ି௠)!  
o 4 of 6: ଺!(଺ିସ)! = ଺!ଶ!  =  6 ∗ 5 ∗ 4 ∗ 3 =  360 

o Distinct combinations of TOTTENHAM:  
 9 letters: 3*T, 1*O, 1*E, 1*N, 1*H, 1*A, 1*M 
 ଽ!ଷ!ଵ!ଵ!ଵ!ଵ!ଵ!ଵ!  = ଽ!ଷ!  =  60480 

o Distinct combinations of LONDON:  
 6 letters: 1*L, 2*O, 2*N, 1*D 
 ଺!ଶ!ଶ!  =  180 

Combinations: Sets of objects (order does not matter) 

 𝐶௠ ௡ = ௡!௠!(௡ି௠)!  
 3 cards out of 52: 𝐶ଷ ହଶ = ହଶ!ଷ!(ହଶିଷ)! = ହଶ!ଷ!(ସଽ)! = ହଶ∗ହଵ∗ହ଴∗ସଽ!ଵ∗ଶ∗ଷାସଽ! = 25 ∗ 17 ∗ 52 = 22 100 

 2 of 5 and 3 of 10: 𝐶ଶ ଵହ ∗ 𝐶ଷ ଵ଴ = ଵହ!ଶ!ଵଷ! ∗ ଵ଴!ଷ!଻! = ଵସ∗ଵହଶ! ∗ (଼∗ଽ∗ଵ଴)ଷ! = 105 ∗ 120 

Independent events: 

 Having 1 Heads from coin toss: ଵଶ 

 Having 2 Heads from two coin tosses: ଵଶ² = ଵସ 

Probability of mutually exclusive events 

 Two mutually exclusive events: 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) …or: ∪ 
 Two not mutually exclusive events: 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) … and: ∩ 

o Draw King (A) or Spades (B): ସହଶ + ଵଷହଶ − ଵହଶ = ସଵଷ 

The complement of an event: 𝑃(𝐴ᇱ) = 1 − 𝑃(𝐴) 

 15 C cakes, 10 V cakes: 
o Chance of not getting a C cake:  𝑃(𝐴ᇱ) = 1 − 𝑃(𝐴) = 1 − ଵହଶହ = ଵ଴ଶହ 
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Week 20: Conditional probability 
Conditional probability 

 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴|𝐵) ∗ 𝑃(𝐵) 
 𝑃(𝐴|𝐵) = ௉(஺∩஻)௉(஻)  

Mean and standard deviations 

 Mean:  
o sum of values divided by number of values 
o 2.4, 3.4, 5.1, 6.7, 3.0, 2.2, 3.3, 3.5 … mean = 3.7 

 Median:  
o central value (or mean of two central values) 
o 2.2, 2.4, 3.0, 3.3, 3.4, 3.5, 5.1, 6.7 … median = 3.35 

 Mode: most common value 
 Standard deviation:  

o Mean squared distance: 𝑠 = ට(∑ (௫೔ି௫̅)మ೔ಿసభேିଵ  

o 2.2, 2.4, 3.0, 3.3, 3.4, 3.5, 5.1, 6.7 … median 𝑠 = ට(∑ (௫೔ିଷ.଻)మ೔ಿసభேିଵ = ට(ଵହ.଺଼଻ = 1.497 

 


